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Introduotion 

In  this  partj  we  give  a detailed  disoussion  of  the 
ifethod  of  Links  for  determining  the  coefficients  in  the 
expansion  of  a oiroulant  permanent.  Although  this  method 
will  prove  satisfactory  for  many  types  of  terms  in  such 
an  expansion,  there  will  be  many  others  for  which  the  use 
of  links  would  involve  a prohibitive  amount  of  work  by 
hand.  Other  methods  may  be  usedj  two  of  these  are  dis- 
cussed briefly  in  the  last  sections. 

It  should  be  noted  that  any  given  method  is  best 
suited  for  a certain  kind  of  term. 

The  use  of  a machine  would  be  desirable  at  certain 
points  in  the  calculations.  These  places  have  been 
pointed  out. 

In  the  summary,  there  is  gathered  together  a large 
number  of  formulas  for  coefficients  of  various  kinds. 
These  represent,  in  general,  the  oases  where  the  idea  of 
links  can  be  used  to  advantage. 
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PART  II 


In  this  Part  we  consider  in  greater  detail  the  problem 
of  obtaining  the  expansion  of  a circulant  permanent,  (See 
Part  I,  Chapter  2,  section  5). 

Ue  give  first  a brief  review  of  the  previous  discussion 
(of  Part  I). 

A circular  permanent  is  defined  by 


^0  “^1  32*“  •'^n-1, 

•^n-l  ^0  ‘"'I  ***  ^n-2 


(1.1) 


^2  ^3  "‘4  ***'®1 


ai  32  33  •••  0^ 


If  any  term  in  the  expansion  of  be  denoted  by 


(1.2) 


Aa®oa®la«2...  a®n-l 
0 1 2 n-1 


then  its  weight  w '£0  (mod  n),  i.e. 


(1.3)  w = ej^  4-  262 ^®3'^  ...  f-  (n-l)ej^_2  ^ 0 (mod  n). 


The  exponents  e^  must  also  satisfy  the  relation 


(1.4) 


e„  t e,  -i-  6o  + t e„  , - n. 

0 1,2  n-1 


Two  basic  properties  of  the  terms  are* 


(l)  AaQ^aj^  •••  apl^j^  is  a term  of  Cp^  then  so  also  is 


-V 


2. 


, ®o  ®1  ®n-l 

ASp  Sp^j^  ...  3p_j^  for  all  va3 


(Cyclic  permutation  of  subscripts) 

(2)  If  Aa^  ***  ^n-1  is  a term  cf  Cn  then  so  also  is 


®o  ®1  ®2 


^®o  ®m  ®2m  •••  ®(n-l)m 
mod  n ) . 


(Subscripts  taken 


We  know  that  C_  is  the  coefficient  of  x x, x-  ...  x , in  the 

o l 2 n-1 


expansion  of 


(1.5)  jj  (aj^_^  x^+-  a^_h  + l ^1  4-  •••  4- ap-h-l’^n-l^ 

If  iQiii2  •••  ^n-1^®  ® permutation  of  0,1,2,  ,..,(n-l),  then  a 
term  of  the  above  product-expansion  is 

®i  ®i,-l®i5-2  •••  ®i  -(n-l)^i /i,  •••  H , 

0 J-  ^ n-1  0 1 n-1 

where  x,  comes  frcm  the  (p  + l)^  factor. 

P 

e e,  e , 

One  method  to  obtain  the  coefficient  A of  Aa^  aj  ... 
is  as  follows; 

Let  kg,  kj,  k.2,  ••.,  kg_^be  a permutation  of  the  n numbers 
(the  subscripts  of  the  term)  <p,  ...,  o„  ,1,  ...,  1^.  ,2. ..2,; 


•••*  n-1 ,,  and  consider  the  congruences 

®i^^l 


(1.6)  “ ^o»  ij”!  ■—  kx , i2"2  — k2»  •••»  ~ Kvl* 

(mod  n). 

If  (l.6)  has  a solution  i^,  i^^,  i^_j  which  is  a oermutati 

of  Q.  1,  2,  ....  n-).  then  these  values  of  the  i's  will  give  a term 
...  whose  coefficient  A will  aaual  the  number  of  di^ 


solutions  of  (l.ft). 


3. 


Note  also  that  the  particular  permutation  i i,i_  ...  i , 

o i ^ n-l 

gives  the  order  in  picking  out  the  elements  from  Cj^.  Thus,  the 

solution  (ipij...  means  to  pick  a.  from  row  1,  a.  . from 

o 

row  2,  etc. 

The  correspondence  between  the  k^k^  ...  k^^_j  and  igii...  i^_^  is 
conveniently  represented  by  the  form:  • ' 


Nt 

0 

' 1 

2 ■ ...  h-1 

(=  normal  order)' 

k» 

‘‘o 

•'I 

^2  •••  *^n-l 

( =■  k-permutation) 

i: 

'o' 

'l' 

'2'  'n-l 

( ■=  i-permutation), 

and  from  (l.6)  we  have  • 

it=  i ~ Q i>  •••>  f'”! ) 

We  define  an  ir_Bermutation  as  any  permutation  of  0,  1,  2,  ..., 
n-l,  and  a J$rP^!Tulati,on  as  a permutation  k^k^***  produces 

an  i-permutation  by  (1.7). 

Three  important  properties  of  k-permutations  are: 

(1)  Any  cyclic  permutation  of  a k-permutation  will  also  be  a k-permu- 
tation  (but  the  associated  i-permutation  may  not  be  distinct  from  that 
of  the  given  k-permutation). 

(2)  If  k^kj^l<2  k^_j^  is  a k-perrautation  then  so  also  is  (k^ -f- x) 

(k^  +.  x)  ...  (k^_j^  -H  x)  for  X q 1,  ...,  n-l. 

(3)  If  k^k^...  k^_^  is  a k-permutation  then  so  also  is  (inko)(mki) 

(mkn-i)  1 provided  the  elements  mk^  are  rearranged 

according  to  the  order  determined  by  mN  5 0,  m,  2m,  ... 

To  illustrate  this  laist  property  consider 


N:  0 1 2 3 4 5 6 7 6 9..  ■ . : 

k:  1282830790 

' i;  1 3 0 5 2 8 6 4 7 9 

with  m c:  3j 

* 

mN:  0 3 6 9 2 5 8 1 4 7 

mkx  3646490170 
(mk)'i  3146794006  (-’■mk  re-irranged ) 

(mi)’j  3269140785 

Their  proofs  are  evident. 

' 2 2 

Suppose  we  wish  to  determine  the  coefficient  A of  the  term  a aX 

0 ^ 

of  a C^.  Here  there  are  four  subscripts  0,  0,  2,  2 from  which  the 

k-permutations  are  to  be  constructed.  Due  to  property  (l)  we  may  take 

~®»  Oiving  3 possibilities* 

Nj  0123  0123  0123 

kj  0022  0202  0220 

i»  0101  0321  0303 

Hence  0202  is  a k-permutation  with  0321  its  associated  i-permutation.  ♦ 

Only  2 of  the  four  cyclic  permutations  of  0202  give  distinct  i-permuta- 
tions* 

Nj  0 1 2 3 0 1 2 3 

k;  0202  2020 

iJ  0321  2103 

It  follovKS  that  the  coefficient  A =^2. 

It  should  be  kept  in  mind  that  a k-permutation  is  composed  of 
the  n subscripts  of  anv  particular  term  and  the  associated  i-permuta- 
tion  determines  the  manner  of  picking  that  term  from  the  rows  of  C^. 


2.  Links  and  Chains. 

One  method  for  the  calculation  of  the  coefficients  A of  terms  of 
) Cpi  is  based  on  the  idea  of  a link.  VVe  give  a discussion  of  this 
idea  here. 


A 


5. 


Consider  the  terin  ® ^10  following 

four  associated  k-  and  i-permutationsi 

(a)  (b)  (<?)■■  ’ (d) 

Ni  0123456785  0123456789  0123456789  , 0123456789 

ki  1282830790  . 3081802297  . 1207392880  1972288003 

is  1305286479  3i042§8976 , ' 1320748569  1095634782 

Write"'trte “i-permutations  in  cycle  form  (omitting  1-cycles  )• 

This  gives'! ~ 

(a) "  1'^ 401358742)..  . , r ..  . 

(b)  i = (0342)(6879) 

(c)  is  (013)(475)(68) 

(d)  i =1  (01)(29)(35)(46) 

Now  rearrange  the  N and  i rows  in  the  order  determined  by  the 
cycles.  For  case  (c)  this  givest 

N:  0 1 3 4 7 5 6 8 

k;  1 2 7 3 8 9 2 8 

is  1 3.0  7 5 4 8 6 ' 

( : 

The  resulting  sequences  in  the  k-rows  (l,  2,  7),  (3,  8,  9), 

(2,  8)  are  called-  links.  Every  i-permutation  can  thus  be  put  in 
correspondence  with  a set  of  links.  For  the  above  four  examples  we 
obtain  the  linkss  ; . ^ ■ 

(a) '  (1,  2,  2,  3,  9,  7i  8,  8) 

(b)  (3,  1,  8,  8)(2,  9,  2,  7) 

(c)  (1,  2,  7}(3,  8,  9)(2,8) 

(d)  ^ (1,  9)(2,  8)(2,  8)(3,  7) 

♦ 

Each  such  sequence  of  links  will  be  called  a chain.  The 
number  of  links  in  a -'chain  will  equal  the  number  of  cycles  (omitting 
one-cycles)  of  the  corresponding  i-permutation.  The  length  of  a 
link  equals  that  of  its  corresponding  cycle,'  A chain  o,f  t links 
is  called„„.a  t-link  chain -or  a .t-chain  for>.  short,  , .,5inqe  a k-permuta- 
tion  gives  rise  to  an  i-permutatioh  we' may ’6peak,,o4^a  ,k-permutation 
as  being  a 1-chain,  or  a 2-chain  case,  etc. 


6. 


I- 


The  above  four  examples  are  respectively  1-chain,  2-chain,  3- 
chain,  and  4-chain,  (Note  that  0 never  occurs  as  an  element  of  a 
link). 

Corresponding  to  a particular  term  of  Cj^  we  have  a., variety  of 
i-permutations  to  each  of  which  we  associate  some  t-chain.  It  is 
evident  that  all  these  various  t-chains  are  composed  of  the  same 
elements,  these  elements  being  in  fact  the  non-zero,  sub^crlpt^f 
the  term.  For  the  term  mentioned  above  (of  a Cjq)  the  elements 
would  be  1,  2,  2,  3,  7,  8,  8,  9.  The  value  of  t may  of  course 
vary  from  one  i-permutation  to  another  for  a given  term  (as  illus- 
trated by  the  4 cases  of  our  example). 

To  obtain  the  characteristic  properties  of  a link  we  take  a 
general  cycle  of  an  i-permutation  (soSjS2  ...  Sj.j^)t 

N»  Sj^  $2  ...  Sj.j 

Pi  P2  P3  •••  Pj 

ii  s^  S2  Sj  ...  Sp 

The  link  is  (p^,  Pj,  P3,  p^),  and  s^^-  p^,  S2  =r  Sjt-P2, 

...»  Sq  ~ ® j-1  + Pj*  Hence  Pi  » Sq,  P2  * S2"  Sj,  ..., 


Sq  - so  that 


(2.1) 


Pi  -f-  P2  -f-  Pj  (mod  n) 


(2.2)  Py+  Pp+  1 •••  + Ps^  0 

(for  all  r,  s except  r=-  1,  Ss=j;  r<  s). 
This  gives  us  the  definition i 

A link  (mod  n)  is  an  ordered  sequence  of  numbers  (pi»  P2»  P3» 
...,  pj)  such  that 


(1) 


jfel 


Pi*  O(mod  n)  (no  Pi  * 0 ) 


T: — -r 


7. 


i . 


I 


s 

(2 ) Pi  4 0 (mod  n),  (r  < s}  exclude  r ».!,  s = j) 
isr  ' 

VJe  have  seen  that  the  coefficient  A of  any  terra,  of  is  equal 
to  the  number  of  k-permutations  producing  distinct  i-permutations. 
Recall  that  a k-permutation  is  some  permutation  of  the  (non-zero) 
subscripts  of  a term.  Since  to  every  i-permutation  there  corres- 
ponds some  t-link  chain  and  every  link  is  composed  of  (non-zero) 
subscripts,  the  totality  of  links  containing  all  such  subscripts, 


To  a given  t-chain  there  may  correspond,  several  i-permutations. 
Take  for  example  the  case  (b).  above  with  the  2-link  chain  (3,  1, 

8,  8)(2,  9,  2,  7),  Place  the  first  link  starting  at  0 of  Nt 


N:  0123456789 

k:  3 8 1 8 

ii  3 042 

After  placing  the  first  link  there  are  6 available  places  ' 
left  to  start  the  second  link.  Suppose  we  start  at  position  a,  of 
Nj 

Nj  a a + 2 a -f  1 a 3 
k»  2 9 2 7 . 

ita^-2  a-fl  a-^3  a 

Therefore  a,  must  satisfy  the  conditions  a^  0,3,4,2j  a -f-  2 ^ 
0, 3, 4,2;  a -I- 1^  0,3, 4,2;  a -j-  3 ^0,3, 4, 2,  " ‘ 

and  the  only  solutions  are  a «.  5,  av  6,  giving* 


a ~ 5 a = 6 


Nt 

0 

1 

2 

3 

4 

5 

6 

7 

8 9 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

ki 

3 

0 

8 

1 

8 

2 

2 

9 

7 0 

3 

0 

8 

1 

8 

0 

2 

2 

9 

7 

it 

3 

1 

0 

4 

2 

7 

8 

6 

5 9 

3 

1 

0 

4 

2 

5 

8 

9 

7 

6 

Each  of  the  2 resulting  k-permutations  can  be  permuted  cyclically  ^ 

for  10  positions  and  this  will  produce  20  l-permutations.  Hence  the 
chain  (3.  1.  8.  8)(2f  9,  2,  7)  would  give  a contribution  of  20  to  the 
coefficient  of  the  term  (aQaj_a2a3a7a0ag  of 

The  above  discussion  shows  that  the  problem  of  determining  the 
coefficient  A of  any  given  term  of  may  be  reduced  to  two  steps i 
U ) Determination  of  all  link~Dermutations  of  the  (non-zero)  subscripts 
of  the  term^  (this  will  give  the  chains). 

(2)  Determination  of  the  number  of  all  distinct  i-oermutations  corres- 
Dondino  to  each  chain  of  step  (l). 

To  simplify  the  calculations  in  these  steps  some  general  proper- 
ties of  t-link  chains  are  needed.  These  are  proved  in  the  next  section. 

•j 

1.  Properties  of  Links  and  Chains.  We  have  seen  that  a given  chain 
produces  a set  of  k-permutations.  We  now  determine  what  transforma- 
tions on  the  links  ‘of  a chain  will  leave  this  set  of  k-permutations 
invariant.  Two  chains  so  related  (producing  the  same  set  of  k-permu- 
tations) will  be  called  equivalent. 

We  see  first  that  any  cyclic  permutation  of  the  elements  of  a 
link  gives  another  link.  This  follows  from  the  definition. 

Consider  now  a general  t-link  chain 
(3.1)  (xi,  X2,  •••,  Xp)(yj,  yj,  •••,  yq)(zi»  Z2» 

where  there  are  t sets  of  parentheses.-  In  the  k,  i form  (1.1)  iS 
represented  by 


9. 


f3.2) 

Ni 

SoSl***Vl 

totl***Vl 

Uo^Jl'^'^r-r** 

ki 

xiX2“*Xp 

YiY2***Yq 

7 • 7j-n  • • • 7 • • • 

^1*2  ^r 

it 

Sl®2***®o 

tit2“*to 

UiU2***Uo  ••• 

and 

X 

h+1  * ®h+r®h* 

yhfl  - Wl"^h» 

etc. 

The  starting  point  Sq  (in  N-row)  of  the  first  chain  is  arbitrary, 
but  tg,  Uq,  ...  must  be  chosen  properly. 

A convenient  equivalent  form  to  (3.2)  is  given  by 


(3.2)  P~ 

SoSo+’<l  So+X3^+X2**‘  Sq-1- Xj^<....^Xp.j] 

1 

a afy^  a^yi-fy2***" 

1 

Xi  X2  X3  •••  Xp  J 

lYl  V2  V3  ...J 

b b -h  Zi  * * *1 

fl  ^2 

(the  i-cycle  is  i » (sq  s^+x^-f X2***)(a  a4yi***)(b  btz^’**)**') 

where  the  top  row  of  P represents  the  N-row  elements  and  the  bottom 
row  the  link-elements  or  k-row  elements.  (The  i-row  is  omitted). 

Here  a,  b,  •••  are  a set  of  parameters  which  must  satisfy  the  condi- 
tions . 

a + (Yj  y2‘^***'^yh^^®o  ^ ^’'l  + ^^2  + 

+ ^^1  + '**  + ^f)  +®o  + ’**  ^g) 

[b  +-  (z^  f •••  -f-  Zf)  ^a  + (yj  + -f-  y^^) 

etc. 

and  h*-C',  1,  2,  ...,  g-1  j 9— t),  1,  ...,  P”1 } f**Q  1,  ••.,  r-1  j . . . 
(Yi  +•  + Yh'  =*  0 for  h »0  , etc,). 

The  conditions  (3.3)  must  be  satisfied  since  all  the  N-row 
numbers,  must  be  distinct. 


Each  system  of  values  of  a,  b, 


» • • 


satisfying  (3,3)  when  placed 


10. 


in  (3.2)  gives  a k-permutation.  And  each  of  the  n cyclic  permutations 
of  each  such  k-permutation  is  also  one  (although  all  the  associated  i- 
permutations  may  not  be  distinct).  We  shall  call  these  cyclic  permu- 
tations slides  of  the  given  k-permutation.  The, totality  of  k-permuta- 
tions  (including  their  slides)  will  be  called  the  set  determined  by  the 
chain  (and  a particular  starting  point  for  the  first  link,  as  s^  above). 

We  prove  the  theorem: 

Theorem  3.1  The  two  sets  of  k-perTnitations  determined  bv  starting  the 
first  link  (x^x^-**)  at  two  different  starting  points  are  the  same. 

Consider  starting  point  s^  of  P given  by  (3.2)  and  starting  point 
Sq'  of  P'  given  by 

a'  a'  +-yj^  ***1  \b'  b*  4"  *** 

yi  V2  ***J  bi  ^2 


, , po'  V'  +’<1  •••  •• 

(3.4)  p'^J 

L^l  ^2  •••■ 


H 


If  S indicates  the  operation  of  sliding  a k-permutation  by  the 
amount  of  1 step  (to  the  right),  then 


(3.5)  S’^P 


r*o  Sq  t X 4 


'1 


a i-x  a 4-x  i-yi’*' 

n y2  , 


lb  4 X b -h  X * • * 

\ Z2'-  •••] 

Now  choose 

(3.6)  X So'  - So,  a' s a (sq*  - Sq),  b»  » b +-  (sq*  - Sq),  •** 


Then  we  will  have  S^P  = P'  as  is  evident  by  inspection. 

It  must  further  be  shown  that  the  new  parameters  a',  b',  *** 
defined  in  '(3.6)  satisfy  conditions  (3.3)  with  s^’  replacing  s^  and 


9. 


k 


'm 


11 


and  a',  b',  •••  replacingf.V/.b,' 

From  (.3.3)  vf©  have  iv 

a •♦■  (so'  - Sq)  + '2y  - s^)  * £x, 

or  a' + ^Sq' t £x,  etc. 

. . ... 

(Note  that  the  Ic-pefitiutation  zeros  of  P transform'-into'  those 

• Jf  J'  ^ ‘ 

of  P' . -These,  zeros  can  be  considered  , as  links  of  length  1.)  ...i- 

...  J ' . 

There  is  thus  no  loss  of  generality  in  starting  the  first  chain 
at  value  0 of  N.  . 


Theorem  3.2.  Tv<d  t-cf 


The  following  pi'oof  for  t = 3 is  sufficient  to  illustrate  the 
general  situation. 


it)  x^-hx2***“j  a t yj»»»a  r 

[jci  X2  X3  •••J  |y^‘  Y2  •••  ’ 


X1X2  X3 


Ylt  • * *+  Yh-i  * * *1  fb  bH^  * • ‘1 

yh  ' ^2 


, fO  Xj  x^f  X2  •••'I  \p'  a'  +y^  ..Tj  p’  ..b,'...-h  z^*** 


• • *1  \ a 

• • • y 

- L 


^h  ^hhl  '"J  h ^2 


If  now  we  choose  a’  - a +•  (y^^-  ••'■^  yh_i),  b'  = b,  then  P’ 

■/  ’* 

reducW''‘to  Pi 

Td'ShfiU'a* , b'"satir^fy  the  (3,3)- conditions  we  have,  for 
example, 

. . ■ • ^ . .V.  ' 

a -r  (Vi-h  •••tyh-i) -t-  (y^t- Yh^-i  f +- (yi+ Y2+  “*  )^  Xi-»- X2f  * ' 

b -f-(zi  +’  Z2+  ;**)^  a + Yl  t •••  + Yh  v+  yhi-1  + 


’ ;*?  ' 
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a' + (vh  yh4i  ■♦■  ***)^ ’‘i  *2  ■*“  •••* 

b‘-^(zi+^Z2t  •••). 

As  an  Illustration  we  have  that  chains  (l,  2,  7)(3,  8,  9)(2,  8) 
and  (7,  1,  2)(8,  9|  3)(8,  2)  are  equivalent. 


Theorem  3.3.  Anv  permutation  of  the  links  of_a  trchain  gives  an 

ftaulYfllent. 


It  is  sufficient  to  prove  for  an  interchange  of  adjacent  links. 
Let 


We  have 
(3.7) 


(3.8) 


Choose  a* 


jb  V E z a 4-  2iy, 

lc,+  Zu  itxf  a+  Zy,  br 

( C -f  L u ^ Zx,  a*  ^ Zy 

|b'  -f-  Z z ^Zx,  a'  + Zy,  c’  Zu 
a,  b'  •=  b,  c'  •=  c and  (3.8)  reduces  to  (3.7), 


Theorem  3.4.  Two,  chains  are  equivalent  if  at  least  one  k-oermutation 

prcdwted  &y,  jang-ijs  ^dgoUtal  (ia  §Uds).^9  a krgmnutjU9n 

ptadyctd  by  other* 

Let  the  chains  be  P,  Q.  Their  links  may  be  arranged  so  they  start 


P s (p,  x^,  Xj,  Xg)(*'*)***f  Q ~ (p,  y^,  yji 


, yh)(”*)***» 


• • e 


13. 


or 


jo-  p p4xi'***“l 

* * * » 

6 = 

‘0 

P 

P+Yj 

[p  x^  X2  •••] 

P 

Yl 

^2  "1 

In  this  form  the  k-permutations  in  question  will  be  identical 
without  sliding.  It  follows  that  in  this  k-permutation 
interval  from  p to  Xj^  s:  interval  from  p to 
interval  from  Xj^  to  X2 -s:  interval  from  y^^  to  y2>  X2sry2i 
etc . 

Now  if  g < h we  would  get 

OS  p+x^+  •••  -i-  Xg  :r  (p4yi+  •••  +.yg)  f vi-yh)* 

so  that  y^^j^  + •••  -fyh  3o,  a contradiction.  If  g 7-  h we  get  a 
like  contradiction.  Hence  g»  h,  and  the  two  first  links  of  P and 
Q are  the  same. 

A continuation  of  this  argument  will  show  that  the  links  of  P 
and  Q are  identical  in  pairs  (to  within  cyclic  permutations  within 
links)  and  hence  P and  Q are  equivalent. 

This  theorem  shows  that  any  two  non-equivalent*  chains  must 
always  produce  non- equivalent  k-permutations.  However  as  will  be 
seen  below  a given  chain  can  produce  equivalent  k-permutations. 

4.  Examples . 

In  this  .section  we  determine  the  coefficients  of  some  terms 
so  as  to  illustrate  in  some  detail  the  two  steps  outlined  at  the 
end  of  section  2.  Properties  of  links  and  chains  proved  in  section 
3 are  used  without  special  comment, 

(1)  Find  the  coefficient  A of  the  term  3^328233^ of  Cg, 


14  . 

The  non*^zero  subscripts  are  1,  2,  3,  3,  3,  6*  Tb  find  all  thel» 
link»permutations  we  write  down  all  5!/3I  ■»  20  peroutations  keeping 
one  element  (say  l)  fixed.  These  20  are 


123336 

133236 

136323 

123363 

133263 

136332 

123633 

133326 

162333 

126333 

133362 

163233 

132336 

133623 

163323 

132363 

. 133632 

163332 

132633 

136233 

By  inspection  we  obtain  the  seven  2-link  chains 

(1.2.3.3) (3,6)  (1.3,2,3)(6,3)  (l,3,3,2)(6,3) 

(1.2.3.3) (6,3)  (1,3,3,2)(3,6)  (l,2,6)(3,3,3) 

(1,6,2)(3,3,3) 

There  are  no  1-link  chains  as  is  seen  by  direct  test. 

Of  the  seven  2-chains  we  select  the  five  distinct  (non-equiva- 
lent) 2-chainsi 

(a)  (1,2,3,3)(3,6)  (b)  (1 ,3,2,3)(3,6)  (c)  (l,3,3,2)(3,6) 

(d)  (1,2,6)(3,3,3)  (e)  (l,6,2)(3,3,3) 

The  cases  (a),  (b),  (c)  will  be  denoted  by  the  single  notation 
ij.  2 3 J ^ ^ where  the  bracket  indicates  an  unordered  seojence 
all  permutations  of  which  will  give  links.  Likewise  cases  (d)  and 
(e)  can  be  combined  into  Q.  2 ^ ^ 3 J . 

We  next  find  the  k-permutations  determined  by  each  case. 

Case  (a)  gives  in  a former  notation 


0 1 3 ^ Ta  a d-  c 

1 2 3 I [3  6 , 


L 


a f 0,  1,  3,  6 
> 3 0,  1,  3,  6, 


and  parameter 
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giving  a » 2,  4,  5,  8,  These  give  four  k-permutationsi 


U- 

-L. 

_2_ 

3 

4 

Jl. 

7 

2: 

2 

3 

3 

• 

6 

3 

• 

• 

4 . 

1 

2 

• 

3 

3 

• 

3 

6 

• 

5 

1 

2 

• 

3 

• 

2. 

3 

• 

6 

8 

1 

■2 

6 

•3 

• 

3 

• 

1 

The  zeros  are  denoted  by  a dot.  . The  underlined  3 is  started  at 
the  value  of  a.  Thus  the  k-permutation  corresponding  to  a = 2 is 
123306300,  etc. 

Case  (b)  gives  parameter. a - 2,  5,  8 and  the  three  k-permutations 


1 

_0_ 

_L. 

? 3 

4 

6 7 

_8 

1 

3 

2.  * 

2 

6 

3 • 

• 

5 

1 

3 

• • 

2 

3 

3 • 

6 

8 

1 

3 

6 * 

2 

• 

3 • 

2 

Case  (c)  gives  a 2,  3,  5,  8 


JL 

1 

-2- 

3 

4 

JL 

7 

-8 

2 

1 

3 

3 

• 

3 

6 

# 

2 

• 

3 

1 

■3 

• 

2 

3 

• 

6 

2 

» 

5 

1 

3 

• 

• 

3 

i 

• 

2 

6 

8 

1 

3 

6 

• 

3 

• 

• 

2 

3 

Case  (d)  is 


‘o  1 3* 

_1  2 6j 


with  a,  a-h3,  a+6  ^ 0^  1, 
We  then  obtain 


a a -t-  3 a -f  6| 

.3  3 3 J 

3.  Hence  a » 2,  5,  8. 


2 

5 

8 


0 12  3 4 

1 2 2 6 • 

1 2 3 6 • 

1 2 3 6 * 


3 • 

2.  • 

3 • 


• 3 

• 3 

• 3 


Instead  of  3 distinct  k-peimutations  we  here  have  only  one. 
Case  (e)  gives 


L-.2  2 
6 3 • 
6 3 • 
6 3 • 


4 5 6 7 8 

•3.23 
•1*23 
•3*23 
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Again  there  is  only  one  distinct  k-permutation. 

We  now  count  a total  of4-^3-f4-4-li-l  sl3  distinct  k-permu- 
tations  produced  by  the  five  2-chalns,  and  each  of  these  13  can  be  slid 
through  the  complete  set  of  9 positions  thus  giving  the  value  (9)(13)”117 
as  the  value  of  A the  coefficient.  This  term  is  what  we  would  call  a 
2»chain  term  since  that  is  the  maximum  number  of  links  Dtes.e.nt. 

(2)  Find  the  coefficient  A of  the  term  a^a  a^a^a  in  C , 

There  are  30  permutations  of  the  non-zero  subscripts  1,  2,  2,  7,  7,  8 

(keeping  element  1 fixed.)  (If  an  element  occurring  more  than  once  as  7 

were  kept  fixed  we  would  get  60  permutations  but  half  of  these  would  be 
slides  of  the  other  half  and  could  be  neglected.  We  can  avoid  this 
duplication  by  keeping  fixed  an  element  occurring  only  once  if  such  is 
present.) 

Of  these  30  there  are  10  link-permutations  indicated  by 

(1.8) (2,7)(2,7)  (1,2,8,7)(2,7)  (l, 2, 2, 8, 7, 7) 

(1.8) (2,7)(7,2)  (1,2,8,7)(7,2)  (1,7,7, 8, 2, 2) 

(1.8) (7,2)(2,7)  (1,7,8,2)(7,2) 

(1.8) (7,2)(7,2) 

giving  5 non-equivalent  link-permutations 

(a)  (I, 2, 2,8, 7,7)  (b)  (1,7,7, 8,2, 2)  (c)  (i,2,8,7)(2,7) 

(d)  (1,7,8,2)(2,7)  (e)  (1,8)(2,7)(2,7) 

Cases  (a)  and  (b)  are  1-chains  giving  the  respective  d istinct 
k-permutations 

0 1 2 > -4  5 "6  7 8 

(a)  1 2 7 2 7 8 * * * 

(b)  1 7 • • * 2 8 2 7 
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Cases  (c)  and  (d)  are  2*chains  with  respective  parameter  values 


5,  6 

and 

a * 
Q 

2». 

J, 

4. 

_2- 

These  give  6 
4 5 _6  2 8 

T 

1 

2 

7 

8 

2 

• 

7 

• 

• 

(c) 

5 

1 

2 

7 

8 

• 

2 

• 

7 

» 

6 

1 

2 

7 

8 

• 

• 

2 

e 

7 

0 

1 

JL 

-2- 

JL. 

Y 

1 

7 

2 

• 

7 

• 

• 

2 

8 

(d) 

3 

1. 

7 

• * 

2 

• 

7 

• 

2 

8 

4 

1 

7 

• 

• 

2 

• 

7 

2 

8 

Case  (e)  will  be  more  involved  since  it  contains  two  parameters. 
We  have 


0 r 

a a -t*  2 

b b t 2~ 

i 8, 

2 7 ^ 

2 7 

with  a^  0,  1,  7,  8 and  0,  1,  7,  8;  a,  at2,  af7. 
This  gives  14  pairs  of  solutions  (a,  b)» 


5 

O- 

>2- 

JL 

4 

_L. 

7 

_8 

(2,3) 

1 

8 

2 

2 

7 

7 

• 

• 

e 

(2,5) 

1 

8 

2 

• 

7 

2 

e 

7 

• 

(2,6) 

1 

8- 

2 

• 

7 

• 

2 

• 

7 

(3,2) 

1 

8 

2 

2 

7 

7 

• 

e 

• 

(3,4) 

1 

8 

• 

2 

2 

7 

7 

e 

• 

(3,6) 

1 

8 

• 

2 

• 

7 

2 

• 

7 

(4,3) 

1 

8 

• 

2 

2 

7 

7 

e 

• 

(4,5) 

1 

8 

• 

• 

2 

2 

7 

7 

e 

(5,2) 

1 

8 

2 

7 

2- 

• 

7 

• 

(5,4) 

1 

8 

• 

# 

2 

2 

7 

7 

• 

(5,6) 

1 

8 

e 

• 

• 

2 

2 

7 

7 

(6,2) 

1 

8 

2 

• 

7 

• 

2 

• 

7 

(6,3) 

1 

8 

• 

2 

• 

7 

2 

• 

7 

(6,5) 

1 

8 

• 

• 

• 

2 

2 

7 

7 

By  inspection  we  see  that  (a,b)  and(b,a)  give 
permutations,  thus  reducing  the  number  of  distinct 

identical  k- 
k-permutations 

for  case.(e)  to  7. 

There  are  thus  a totalof  2 -f’  6 7 =*  15  distinct  k-permutations 

1 

1 

each  of  which  can  be  slid  through  all  9 positions. 

Hence  the  coeffi- 

^ 

18 


dent  is  (9)(15)  * 135. 

This  term  would  be  called  a 3»chain  term. 

Note  also  that  the  two  2^1ihlc  ■chaln""cases  (c)  and  (d)  are  made  up 

1 

by  combining  two  of  the  3 links  of  the  3-link  chain  case  (e). 

We  shall  speak  of  the  total  (9)(2)  s.  18  determined  by  the  1-chains 


(cases  (a),  (b))  as  the 


jh  of  the  1-chains  to  the  total 


coefficient,  and  the  totals  of  (9)(6)  s*54  (cases  (c),  (d)),  and 
(9)(7)  -=.63  (case  (e))  as  the  2-chain  and  3-chain  contributions. 


A,  Cyclic  1-link  chains.  There  are  certain  types  of  chains  for 
which  the  associated  set  of  k-permutations  will  contain  duplicates. 
Some  of  the  examples  above  show  this  property.  We  consider  this 
property  in  this  section. 

IXiplicate  k-permutations  will  result  if  a given  k-permutation  has 
a cyclic  character  so  that  in  sliding  it  through  a cycle- interval  we 
obtain  the  identical  k-permutation  again. 

Consider  first  the  1-link  chains  with  this  property,  and  an 

examplet  in  finding  the  coefficient  of  a^alJafCn  = 12),  the  1-chains 

0 7 O 

(a)  (7,  7>i-8,  8,  _7,  7,.  8,,  8.)v  (b)  7,  8,  7,  8,  7,  8,  7,  8) 
give  respectively  k-permutations 

(a')  7 7 8 0 8 0 7 7 8 0 8 0,  (bO  780780780780 

Here  (a')  consists  of  two  cycles  of  length  6,  and  (b')  consists 
of  four  cycles  of  length  3.  Hence  we  could  slide  (a*)  through  6 
positions  only  and  (b'  ) through  3 positions  (lengths  of  the  cycles). 

Note  also  that  the  chains  (a),  (b)  themselves  are  cyclic.  We 
now  show  this  situation  always  holds,  i.e.  a cyclic  1-chain  always 
gives  a cyclic  k-permutation. 

We  take  the  general  cyclic  1-chain  . 
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(5.1)  P--  (pp  P2»  •**.  Pm*  Pi*  P2»  Pm P2* -’Pm^ 

containing  c cycles  of  length  m.  .Write  P in  the  form 

’0  Pi  Pi+P2'"Pi*'"''>Pin-l  = s+Pi"-(c-l)stPif“tPn,-i 

_Pl  Pj  P3  •••  P„  Pi  P2  •••  P„ 

where 

(5.3)  s 5 -h,  P2i + p^ 

Hence  cs  « 0 and  c is  the  minimum  value  (^  0)  satisfying  this  congru- 
ence. 

From  (5.2)  it  follows  that 

(5.4)  S®P  S^®P  = •“  = P, 

where 

fs  s+p]^  •••  2s  2stpj  •'>■>  3s 

S P = 

Pi  P2  •••  Pi  P2  '**  Pi  •••. 
or 

(5.5)  S®K-S^®K-  - K, 

where  K denotes  the  k-permutation.. . 

Now  if  we  put  d s (s,n)  it  will  follow  that 

(5.6)  n ts  cd, 

(5.7)  c's  = d,  (c'  Z.  c). 

Hence  from  (5,5)  and  (5.7)  we  have 

(5.8)  ^K, 

so  that  K must  have  the  form 

(5.9)  K»  k^k^---  •••  k^k^  •••  ><d-l’ 

containing  c =.  n/d  cycles  of  length  d. 


Ps 

(5.2) 
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The  chain  P and  therefore  K contains  exactly  c of  each  Hence 
each  cycle  of  K must  contain  pj^,  P2»  •••>  p,„  once  each  (remainder  of  k's 
in  a cycle  are  zeros),  i.e.  each  cycle  of.  K consists  of  zeros  and  the 
cycle  of  P in  some  order  (d-m  zeros).  A non-cyclic  1-chain  corresponds 
to  c = 1 or  d =.  n,  and  K is  non-cyclic  also.  We  state  the  above  results 
in  the  theorem; 

Theorem  5.1.  A cyclic  1-link  chain  P of  c cycles  produces  a cyclic 
k-permutation  K of  c cycles  each  of  length  d s^n/c.  The  cycle  of  K 
consists  of  the  cycle  of  P and  zeros  in  some  order. 

V/e  can  obtain  a formula  for  the  contribution  A^  to  the  coefficient 
A of  any  term  due  to  the  1-link  chains  associated  with  the  term; 

Let  Pg  be  the  number  of  distinct  1-chains  each  containing  c cycles 
with  length  of  cycle  equal  d.  Then  dP^.  will  equal  the  number  of  k-per- 
mutations  derived  from  these  P^.  1-chains.  Hence 

c 

where  the  sum  is  over  all  divisors  c of  n. 

Now  let  Kj.  =:  kgkj^  •••  k^_]^  be  the  cycle  of  one  of  the  k-permu- 
tations  K,  where  k^  is  always  used  as  the  fixed  (first)  element  of  all 
the  chains  and  suppose  kQ  occurs  n^  times  in  K^,  Then  mj  s:  cn^,  where 
m^  is  the  total  number  of  k^’s  in  any  K (or  1-chain). 

Hence 


But  22  ncPc  is  precisely  the  total  number  N of  1-link  permu- 
c 

tations  beginning  with  k^  (each  set  of  n^P^.  such  permutations  gives 
only  Pg  distinct  1-chains), 


n . 


! 
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Then  N r sfd  finally 

(5.10)  A,  = -Qii- 

"•l  ■ 

N can  be  determined  by  counting  the  number  of  1-link  permuta- 
tions all  starting  with  k^. 

To  illustrate  the  above  reasoning  we  calculate  for  the  term 
a^aya^  (n  = 12).  The  total  set  of  1-link  permutations  is  given  by 


77788788 

77878788 

78778788 

78778878 

77887887 

78787887 

77878878 

77887878 

78878877 

78788778 

78788787 

78878787 

78877788 

78877878 

78878778 

78787788 

77887788 

78787878 

78877887-. 

• • Here  k^  = 7}  c 1,  2,  * 4>  s i,  * 1;  * 4, 

r\2  - 2,  04  =i  Ij  nj^Pj^  si  16,  n^P2  - 2,  n4?4  *»  1;  m^  » 4. 

Also 


and 


N-  £1' n^Pc  = 16  t 2 t 1 19, 

Pc  = 4 + 1 -YU  6 » number  of  distinct  1-chains 

4 


Note  that  Aj,  is  always  an  integer  (but  not  necessarily  a 
multiple  of  n.) 

It  is  now  easy  to  find  the  complete  coefficient  A(  ■“•A^) 
of  any  term  which  is  a 1-chain  term.  For  let  such  a term  be 


(5.11) 


i""! 

P 


• • • 


s r) 


9 


f 


where  the  pj^  are  distinct.  To  find  N we  form  all  permutations  of 


I 

1 ' f 
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the  set  of  p^,  P2»  •••»  Ph  keeping  pj^  fixed  (in  first  position  say). 
Then 


012!  *••  n»j^! 


Hence  by  (5.10)  we  have 
(5.12) 

For  example  the  1-chain  term 


4 4 4 

^^o®1^2  ® ^12 


That  this  is  a 1-chain  term  follows  since  its  (non-zero)  sub- 
scripts 1,  1,  1,  1,  2,  2,  2,  2,  have  a sum  of  12.  It  will  be  recalled 
that  any  term  as  (5.11)  is  said  to  be  a 1-chain  term  if  every  subset 
of  its  r (non-zero)  subscricts  has  a sum  inconqruent  to  zero  (mod  n). 
In  particular  any  term  of  weight  n is  a 1-chain  term  (as 
but  of  course  terms  of  weight  greater  than  n can  be  such  also. 

B.  Cyclic  2-link  chains. 

The  following  discussion  will  be  treated  in  a simplified  and  more 
general  form  in  the  next  section  but  it  is  given  here  as  it  will  be  of 


value  in  a later  problem. 


Consider  then  a general  2-link  chain  PQ  given  by  (assume  P not 
identical  to  Q) 

PQ  ~(i^2^»  P2>  •••»  Pin*  •••*  Px >■  P2»  *•*»  Pm^^^l*  '^2*  •*•»  ^1» 

Pl2»  ***»  containing  c cycles  in  P and  c'  cycles  in  Q,  Put 

s s Px  'h'  *•  • + Pm>  s'  = cii  • -f'  qj»  so  cs  S 0,  c's'  sO  and  c,  c' 
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are  the  minimum  (non-zero)  values  satisfying  these  respective  con- 
gruences. Put  also  . , . ' ■ 


ro 


Pj  •••  S •' 


2s 


Pi  p2  •••  Pi  •••J 


a atqi  • • • a-hS ' • • • a+2s ' • • 
Lqi  q2 qi  **•  Qi  “*J 


Then  (S®,  S^®,  P * P,  (S®',  S^®',  •••,  S‘^'®')Qg=:  Q^. 

If  d = (s,  n),  d'  = (s*,  n)  we  will  have  n =:  cd  » c'd'  and  also 

that 

S^P  = P, 

If  e » l.c.fn.  (d,  d')  then 

S®Xg-  S®(PQg)  = PQg 

Hence 

(5.13) 

where  is  the  k-permutation  corresponding  to  the  parameter 

value  a.  From  (5.13)  it  follows  that  a slide  of  e duplicates 
so  we  can  write 


(a)  0.1  a-1  o 


•••  ...  kg  ...  kg_i 


If  we  put  h =.  (c,  c')  then  we  will  have  n—  he,  so  every 
consists  of  h cycles  of  length  e. 

Now 


S^®Qa=. 


afus  •••  afs’+us  •** 
qi  •••  qi'’***. 


a'  •••  a’+s'  •••  a'+2s*»»» 

|qi  ...  q^  ..;  qj^  ...j 


-Qa' 


where  a'-  atus,  and  it  can  be  shown  that  a'  is  an  allowable  parameter 
value  if  a is.  But  us  ^ d for  some  u,  so  that 


or 

(5.14) 


^ ^a  ^a'  ^afd» 


! ‘«- 
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i.e.  a slide  of  d on  produces  (Note  that  (5.14)  and 

also  (5.13)  hold  for  all  allowable  values  of  parameter  a.) 

It  follows  that  the  allowable  a-values  split  into  sets 
di  3i*l*2d,  •••,  aj^-f- (c-l)d 
32,  32+ d,  32+'2d,  •••,  a2+(c-l)d 


®X»  » 3jj+  (c-l)d 

such  that  all  are  equivalent  (by  sliding)  (i  = 1,  2,  *•*,  x; 

u » 0,  1,  •••,  c-1). 

If  then  Ng  be  the  total  number  of  allowable  a-values,  i.e.  such 

that  a +(q^+  ...^  <?i)^  (Pl  + •••+•  Pt)+ 

/qo=Po=»0»  i » 1,  m-1}  \ 

I'tsl,  *•*,  j-lj  u^O,  1,  •••,  c-ly  , we  will  have 

(5.16)  Ng  r cx 

We  know  - Qg,  and  it  can  be  shown  afvd'  is  an  allowable 

parameter  value  with  a.  Hence  r X^,  (v  = o,  1,  •••,  c'-l),  or 

^atyd')^^a) 

Hence  again  the  a-values  can  be  split  into  sets 


(5.18) 


so  that 
(5.19) 


ail  affd',  aj+2d',  a^+(c’-l)d' 


3y»  a^td*,  a^+2d', 


Ng  * c'y  •=  cx 

.d. 


>,  a^+(c'-l)d’ 


Consider  next  y From  (5.14)  we  have 


.t 


4 ■ 

4 
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Now  aV+d  must,, occur  ia  one  of  the  rows  of  (5.18)i 
(l)  If  It  occurs  in  the  a*^  ^ow, 

a ' d S a vd ' , and 

(a't)^  '^(a'tfd)*  ^a'^+vd')*  ‘'(a*^), 


(5.20)  S\. 


so  a slide  of  d on  K/  , , reproduces  it. 

(2)  if  a’^+' d occurs  in  the  a*^  row  (w  ^t), 
(5.21) 


S'^K 


(a'^)  (a*^+d)“*  (a'^fvd‘ )- ^(a'^) 


It  is  then  seen  from  (5.20),  (5.21)  that  every  K,  , (i.e. 
every  K^^j)  can  be  slid  only  d distinct  steps.  We  have  then  that 
the  contribution  to  the  coefficient  of  the  term  due  to  the  2-link 


chain  PQ  is 
(5.^2) 


N nN 
dy  IS &4  * Tff 


c’  CC 

Finally  we  have  the  situation  in  which  P and  Q are  identical. 
For  this  case  the  formula  (5.22)  will  be  changed  by  a factor.  Now 
s.-»  s',  dsd'  se,  csic',  and  X ^ PP  . 

O O 

It  can  be  shown  that  if  a is  an  allowable  value  then  so  also  is 
a where  a + a -ss  n.  We  will  have  S^X  ■=  X-  or 

9 a 

(5.23) 

As  before  Ng  » cx,  and  there  are  y s.  x values  of  ai  a^,  a2,»**, 
a^  whose  k-permutations  are  not  identical  (see  5.18). 

Suppose  there  are  Xj^  values  of  a^^,  a^^  such  that 

ud  (see  5.15).  These  x^  values  occur  in  complementary 
pairs  (a^,  7^^)  and  for  each  of  these  there  will  be  d distinct  slides 
of  j.  Hence  this  set  of  values  contribute  the  amount  (d)(~^) 
to  the  coefficient. 
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Let  ^2^  “ x-Xj)  be  the  remainder  of  thexa's  for  which  a^^ -f- ud 
Hence  2aj^-f-uds0,  and  since  a^^-^vd  (by  its  definition)  we 
must  have  a^'s  (n-u)  and  n-u  must  be  odd;  so  we  can  write 

3i  = td  t 2* 


Also 


(a^)  (ai) 


aifud 

K.  ^ ^ « K,  ^ _ S K,  . _ 
(a^+ud)  (ai)-  (aj  “ 


®i 
^ S K, 


Hence,  . = S^K,  \ =*  K,  l.e.  there  are  only  4 dis- 

(a^)  (a^)  (a^^)*  IS 


i/  (a^) 


to  the  coefficient. 


tinct  slides  possible  for  these  latter  cases.  Hence  we  obtain 
a contribution  of 

We  finally  have  a total  of 

as  the  complete  contribution.  Note  that  this  is  the  previous  amount, 
(5.22). 

In  the  cases  above  considered  it  is  possible  to  obtain  some 
information  about  the  size  of  S'  . We  state  without  proof  the  follow- 
ingt 

Na=in  - z^^ 

where  z in  an  integer  such  that  1 z ~mj.  In  particular  if  n cc'/h 
we  must  have  z s=  1 and  Ng  -=  0 . 

In  the  case  where  P is  identical  to  Q we  have 
Ng=n-zc,  mizifem^-ra  + l. 

The  precise  value  of  z will  depend  on  the  relations  between  the 


p’s  and  q’s,  the  elements  of  the  two  links.  We  determine  the  exact 
value  of  for  a variety  of  situations  in  later  sections. 


27 


6.  A general  Formula  for  coefficients. 

In  this ' section' we  give  a formula  for  the  coefficient. of  any 

term,  this  formula  being  derived  from  the  types  of  links,  and  chains 

. ; 

associated  with  the  term.  First  we  find  a formula  for  the  contribu- 
tion to  the  coefficient  of  any  particular  t-H'hk  chain.  We  illustrate 
the  general  proof  by  means  of  a 4-link  chain* 

(PlP2***Pm***Pl***Pm^^PlP2***Pm'**Pr**Pm^ 

io.i; 

(^1^2*  * *9j  * **^^1  * * * *^1  * * ^ * PPQQ 


where  the  first  two  chains  P,  P are  identical  with  Cj^  cycles  of 
length  m,  and  ihe  second  two  Q,  Q are  identical  with  cycles  of 
length  j. 

To  gain  the  advantage  of  symmetry  we  start  the  first  chain  at 
a general  position  a^^  instead  of  at  0 as  heretofore.  We  write  then 
(6,1)  as 


a^a^+pj^  • • •aj^4'S| , , ,aj^^*2s2 « • , 
LPl  P2  •**  Pj  •••  Pj'  ••• 


82* • *a2+S2 • • * 


ja^*  * •a2"f'S2*  • • 

p2  • • • Q;  • • •_ 


(6,2) 


= Pa  Pa  Qa  ^a 
\ ®2  "3  % 


where  s^  * p^  -f  •••  +•  p^,  ...  $2  =r  t Plj 

Let  M (a^,  a^,  a^,  a^)equal  the  total  number  allowable  parameter- 
values  of  (sj^,  aj,  32»  a^),  and  let  K(aj^,  82,  a^,  a^)  be  the  k- 
permutation  derived  from  the  parameter-valu.es  (a^,  82 » a^,  a^). 

We  will  then  have  the  relations 

(6,3)  K(a^j  a^f  a^)  — K(a2»  a^^j  a^j  a^)  ""K(aj^j  a2»  a^j  ^3^* 
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(6.4) 

K(a^, 

®2*  ®3*  ®4^  ^ 

a^U2di,  a3-^v^d2, 

(6.5) 

S^K(ajL 

, 32,  a^,  a^)  « K(aj^h, 

a^l-h,  33fh,  a^h).. 

In 

(6.4), 

(s^,  n),  nr:  c^^d^. 

u^=  0,  1,  .•*,  c^-1. 

v.=  0, 

1,  ••• 

, Cj-1,  and  relations  (6 

.5)  hold  for  all  h.  We  then 

have  for  the  contribution  C due  to  the  particular  chain  (6,1)  ' 

(6.6)  C u 

The  first  factor,^-— in  C is  due  to  the  relations  (6.3), 
and  the  second  factor relations  (6,4), 

Now  we  have 

M(a^,  32,  a^,  a^).s  nM(0,  a2»  a^,  a^). 

Put  M(0,  a,  b,  c)=  so  that  gives  the  total  number  of 
parameter  values  (a,  b,  c)  when  the  first  chain  is  started  at  0,  We 
rewrite  (6.6)  then  as 

C - ■ . M 15  No  _ _ 

2:  2;  c^  ®1®2®3 

Changing  the  notation  to  start  parameter  a^  with  the  second  link). 

Coming  now  to  the  general  t-lihk  chain  P^P2...P.(.  consisting  of 
n^^  identical  links  of  Cj  cycles  each,  02  identical  links  of  C2  cycles 
each,  •••,  nj.  identical  links  of  c^,  cycles  each  we  will  obtain  for  its 
contribution  C, 


(6.7) 


C i 


n;!  n2i  •••  n^i  co^  c"^  ®1^2***®t-l 

i ^ r 


(t  St  nj^  + •••  -f  nj.) 

The  sum  of  all  these  contributions  (6,7)  due  to  all  possible 
(distinct)  t-link  chains  P2P2’**^t  called  where 
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n N.  .(Xt) 


(6.8) 


"1 


ni 

I •••  n-l  c,  •••  c. 


and  ,,.-(Xt)  is  the  value  of  N,  •**  a^.  , corresponding  to  a 
1 t-J...  • 

particular  t-chain  X^,  and  the  sum  is  over  all  such  X^, 

' To  obtain  the  actual  coefficient  we  must  sunj  over  all  A. 


values,  L.e. 


(6.9)  A f A2  ■;  Ag  - •••  -i-  A^ 

where  the  highest  order  chain  associated  with  the  term  is  an 

m-link  chain. 

10  0 0 0 

To  illustrate  the  formula  consider  the  term  a^  a^a^a^, 

(n  = 18).  There  are  no  1-link  chains,  so  A^  s 0,  and  no  3- 
link  chains  or  higher  (since  the  term's  weight  is  2(18),  m -2). 
For  the  2-link  chains  we  have 


1 

J 

N 

®1 

C 

(3,6,3,6,)(9,9)  1 

14 

(3,3,6,6)(9,9) 

12 

1 

JL2_ 

2 

(3.6,9)(3,6,9) 

12 

12 

2! 

(3,9,6)(3,6,9) 

13 

1 

13 

(3,9,6)(3,9,6) 

12  1 

12 

21 

so  that 


A = A^-  18 


14 


‘•1 


12 

2i 


13  V- 


12; 


2.!! 


621 


For  values  of  m -r-  4 the  calculations  in  determining  the  A^ 
may  become  very  involved.  In  the  following  sections  we  give 
some  methods  to  reduce  these  calculations.  The  use  of  a machine 
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for  most  of  the  calculations  would  still  remain  a, necessity  however.  We 
also  give  latejr  the  various  operations  of  such  a machine. 


7.  Some  Coefficients  for  general  n.  In  Part  I*  the  coefficients  of 


all  terms  of  the  form  a a a were  found  (pj^  may' be  equal) , 


0 Pi  P2  P3  P4 


n-5 


These  results  have  been  extended  to  cover  the  a a •••a^  and 

0 Pi  P5 

a”*^a  •••a  cases  (see  Summary).  We  give  here  the  analysis  for 

° Pi  P6 

one  of  the  a^“^  cases  a'^'^a  a a^  a^  . The  methods  used  are  general 
0 0 Pi  P2  P3  P4 

and  will  apply  to  any  term  of  a^“*^  type  though  for  larger  r the  number 
of  possibilities  increases'  very  rapidly. 

Consider  the  term 

<Pl'  P2*  I>3-  PV*)- 


The  weight  condition  is 

(7.1)  Pi  f p2-f  2p3'f'2p4  = 0 (mod  n). 


The  first,  s.tep  is  to  classify  all  possible  types  of  chains  obtain- 
able from  the  six  subscripts  'pi,  P2»  P3,  P3,  P4»  P4.  A 3-link  chain 
is  the  maximum  since  a link  contains  at  least  2 elements. 

Use  (7,1)  and  decompose  it  in  all  possible  ways  to  give  2 sets 
or  3 sets  of  sums  each  congruent  to  zero.  Each  such  sum  is  a link. 

For  example,  we  may  have 

(7.2)  Plf  P2  3 0,  2p2^  2p4  2 0 

giving  the  2-link  chains  (pi>  P2/(P3»  P3»  P4»  P4)»  (Pi*  P2) 

(P3,  P4,  P3,  P4).  (here  we  are  assuming  p^i-  P4  ^0).'  We 
would  indicate  both  these  chains  by  the  notation  ' j 1^  [?344j  where 
the  subscripts  on  the  p^  are  used  instead  of  the  Pi  themselves.  A 
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bracket  expression  as  »_3344j  .is  regarded  as  an  uhordered  link. 

Another  possible  decomposition  of -(7.1)  is  p^  t-  P3  3.  0» 

P2  f>P3+-  P4 +■  P4S  0 or  fli]  [234^  . Note  here  that  j23j  Il34^ 
or  would  be  regarded  as  not  distinct  from  [234^'  . 

We  find  there  are  11  distinct  chain-types  of  the  above  nature 
obtainable  from  (7,1),  These  are 


(3344]  [1^ 

(§34^  Ql2j  , [isjl 

§‘•1! 

(?34i  Ql 

i|344lQ3j  , il24! 

]334^^ 

[I244j  IjI) 

\23|^ 

ri23|  (34^ 

fjl24^  [33I  , |j2ll 

[l3|  |24| 

[12|  C3i)  (34) 

iE33jC244l  , [l2]  {|i|34) 

Of  course,  in  addition,  we  have  the  1-chain  type  jl23344j,. 

A type  in  jll344l  lli}  , fl33j  0^^  means  both 

2ps  f 2p^  ~ 0,  pj^  ^2“  ^ 

and  • ■ 

Pi  -h  2pg  ?;•  0,  P2  + 2p^  2.  0 

Consider  next,  for  example,  the  type  13344)  (12J  . We  must 
find  all  the  link-nermutations  associated  with  it.  Write  out  all 
the  5I/2I2I  30  permutations  of  1,  2,  3,  3,  4,  4 (keeping  element 

1 fixed  )t.  • : ■ . . ' ■ ■ 

' . • • . • . 4 I 


123344 

■ ^ 

2 

132344 

1 

134234 

1 . 

142334 

1 

143342 

‘ X 

123434 

2 

132434 

1 

134243 

1 

142343 

1 

143423 

1 

123443 

2 

132443 

■1- 

134324 

.'1. 

142433 

■ 1 

143432 

X 

124334 

2 

133244 

1 

134342 

X 

143234 

1 

144233 

1 

124343 

2 

133424 

1 

134423 

1 

143243 

■1 

144323  ' 

1 

124433 

2 

133442 

X 

134432 

X 

143324 

1 

144332 

X 

The  number  at  the  side  of  each  permutation  ..indicates,  the  number 
of  links  it  .decomposes  .into.  An  X indicates  no  chain  is  possible. 

Of  the  six  2-link  chains,  two  are  dtstincti 
(a)  (3,  3,  4,  4)(1,  2) 
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(b)  (3,  4,  3,  4)(1,  2), 

and  there  are  18  distinct  I'^link  chains. 
For  case  (a)  we  have 


”0  P3 

2P3 

2P3  -h  p2 

a 

a 4'  1 

_f3  P3 

P4 

P4  J 

■ P2 

with  a 0,  P3,  2P3,  2p^  + P4;  af  Pl  + 0»  P3»  2P3»  2p3  4-  P4,  or 

Oi  P3,  2p3,  2p3  -j-  P4;  P2»  P2  -f-  P3,  P2  t 2p3,  P2  -i'  2p3  + P4. 


(Note  -p^  £ P2).  And  these  8 value^  are  inconoruent.  to  each  other, 
since  any  contrary  assumption  like  pj  r 2p3 4 P4 P3  leads  to 
Pi  ...  P3  ^P4j5  0,  a contradiction  since  3344,  \12;  is  assumed  here  as 
the  only  decomposition  of  our  6 p^.  It  follows  then  that  Nj  _ n-8. 

For  case  (b)  we  also  find  N^  i-  n-8.  The  value  of  A2  the  2-link  chains 
contribution  is  then 


A2(n)  r.  n ' (n-8)  -^(n-S^’s  ^ n (n-8) 

(The  ^ is  due  to  the  cycle  in  the  first  link  of  case  (b)). 

The  18  1-link  chains  contribute 
Aj^(n)  z 18n 

Hence 


t 3n 


n*6  2 2 

is  the  coefficient  of  the  term  a a a a a when  the  subscripts 

0 pj  P2  P3  P4 

pj^  are  of  type  i^344j  ,’l2*;  . 

4 2 2 

An  example  of  such  a term  is  *9*2*3  ^ ~ 

A similar  analysis  is  carried  out  for  each  of  the  other  types. 


3.  Some  special  methods. 


A study  of  the  example  worked  out  in  the  previous  section  will 
show  that  no  use  was  made  of  the  particular  numerical  values  of  the 
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subscripts  pj[^<.'in  .obtatinin9 -A » Aj,  and  A^hlch,  are  polynomials  in  n. 


It  can  be  shown  in  fact  that  this  is  generally  true,  i.e.  the  functions 

■ V . ■ • f :..T  ■ ' . ■ ■; 

A^(n)  arising  from  a t-chain  will  be  polynomials  in  n of  degree  t 

• . 1 . 

with  coefficients  whose  values  depend  only  on  the  chain- type  and 
not  on  the  particular  subscript  numerical  values.  The  same  must  then 

be  true  of  A the  complete  coefficient.  For  example  consider  the  term 

4 0 0'  4 ' 2 2 

a^a^a^a^a^  considered  above,  and  a^a^a^a^a^  have  both  the  same 

chain-type ' Q344j  |123  . Hence  they  must  both  have  the  same  coeffi- 
cient, 180. 


The  above  facts  can  be  used  to  advantage  in  the  more  difficult 

cases  of. chains  of  three' or  more  links.  For  example,  to  find  A^ln) 

for  the  term  a^*^a_  a„  a_  a_  a„  a^  if  the  p.  (all  unequal)  are 
0 Pi  P2  P3  P4  P5  P6  * 

of  the  chain-type  fPiPg  p3P/Q  ^5?^;  ( or  jisi  |34j  (%j). 

We  use  a specific  set  of  pj^'s  of  this  type* 

(1,  n-l)(2,n-2)(4,  n-4). 


We  have 


n-1 


■2 


a r 2 
n - 2' 


b 

i4 


b + 4 
n-4 


with  a^Oj.l,  n-2,  n-1;  b'^G-,.,1,  n-4,  n-3;.  a,  .a  f-  2,  a-4,  a-2. 

Hence  if  a s 2,  3,  4,  5,  nr3,  n-4,  n-5,  n-6,  b assumms  (n-7)  values.  : 
For  the  remaining  (n-12)  allowable  a-values  b takes  on  (n-8)  values.'  ' 
Hence 


AaCn)  -:{( n-12  )( n-8)  +-8(n-7^*n^-  12n^- 40n 
A second  method  is  to  use,  several  specific  values  of  h.  waluate- 
A.^(n)  directly  for  these  values  and  then  find  the  coefficients  in  the  ' 
general  A^(n)  by  the  method  of  undetermined  coefficients. 


For 


example,  to  find  Aaln)  for  the  term  a"“  a^  a„  •••a.,  (all  P<;^) 
: . • ' ® Pi  P2  • Ps  ‘ 
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when  its  chain-type  is  fPiP^j  (PaPij  {fT^Sj  * Assume  A4(n)- 


fon^ -i-  fjn^^  ^2*^^ +■  *°®  constant  term  in  A^(n)), 

and  take  n - 17,  18,  19,  20.  For  n *f  17  we  can  use  the  chain 
(1,  16)(2,  15)(4,  13)(8,  9) 


From 


a + 2 

15  J 


b 

!4 


b 4 


J 


we  have 


(8.1) 


From  the 


a 0,  1,  15,  16j  b^O,  1,  13,  14}  a,  a f 2,  a-4,  a-2}. 

/ ' 

c i-t  0,  1,  9,  10}  a,  a +•  2,  a-8,  a-6;  b,  b +-  4,  b-8,  b-4 
form  of  the  4-chain  and  (6.8)  we  see  that  we  can  write 


A4(n)^  nN^a^  =:  n(n^  ^ f^n^  i^f^)  where  is  the  number  of 

solutions  (a,  b,  c)  of  (8.1).  (Also  the  f^  are  integers.:  .Three 
values  of  n are  now  sufficient) 


The  following  is  a convenient  method  to  evaluate  ^^abc.  (We  use  n 
17).  Construct  three  Ta^aS-*  ^ab»  ^acf-  ^bc* 

are  rectangular  Tables.  In  the  T^j^  Table  list  vertically  along  the  ' 
side  all  allowable  values  of  parameter  a (these  are  the  integers  from 
0 through  16  excluding  0,  1,  15,  16  by  (8,1)).  Along  the  top  of  Tgj^ 
list  all  17  integers  0 through  16.  These  are  the  b-values.  For 
any  particular  value  of  a say  a^  cross  out. in  the  a^^  row  of  T^|^  all 
values  of  b not  allowed  as  given  by  ,(8.1),  If  a^  -c.  2 we  cross  out 
0,  1,  13,  14,  2,  4,  15,  etc. 

To  construct  T,_  we  proceed  in  a similar  manner  except' we  dis-  ' 
regard  the  b-values  b,  b ^ 4,  b - 8,  b - 4 in  obtaining  the  excluded 
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c-values  for  a given  a-value.  So  for  a r 2 vye  would  cross  out  for 
Cl  0,  1,  9,  10,  2,  4,  11,  13.. 


To  construct  the  T.  Table  we  disregard  the  a,  a -f  2,  a - 4, 
be 


a - 2 in  listing  the  possible  b-values  (we  would  merely  exclude 
b — 0,  1,  13,  14)  and  disregard  the  a,  a -r  2,  a - 8,  a - 6 in  list- 
ing possible  c-values. 

Portions  of  these  Tables  are  given  belowi 


*ac 

2 

3 

a:  4 
5 


-Q_l  2 .3__4  5 6 7.  8 9 10  11  12  .13  14  15  16  r c 


XXX  X 

XX  X X 
XX  XX 

XX  XX 


XXX  X 

XX  X X 

XX  XX 

XX  XX 


Now  corresponding  to  a given  allowable  (a,  b)  pair,  say 
(2,  3),  found  in  T^^^,  find  in  Tg^  the  a=2.row  and  ip  Tjj^  the 
b r 3 row.  The  common  values  of  c in  these  two  rows  give  all 
allowable  (2,  3,  c)  triples.  Here  they  would  be  (2,  3,  5), 


i- 
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(2,  3,  6),  (2,  3,  8),  (2,  3,  14),  (2,  3,  15),  a total  of  5 which  can  be 
recorded  conveniently  in  the  (2,  3)  cell  of  (the  first  row  of 
is  shown  thus  recorded). 

Continuing  in  this  way  we  obtain  a total  of  841  for  the  number  of 
(a,  b,  c)  allowable-values,  i.'e.  Ngjjj,.(l7)  = 8^1 -=  17^f-f  *17^-ff  »17 -f f 

X 


Next  we  find  N , (18),  N (l9)  from  which  we  solve  for  f , , f«, 
abc  abc  ^ 

f3,  which  then  determine  A^(n). 

The  above  procedure  can  be  extended  to  calculate  any  A^(n), 

If  t ; 5 we  would  need  to  find  N^p).  for  various  values  of  n and  for 

abed 

each  chain  which  contributes  to  the  A^(n).  (In  the  above  example  there 
was  only  one  chain  so  contributing)..  Vie. would  construct  Tables* 
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9.  The  use  of  Ore*s  formula.  We  have  seen  that  the  coefficient 
A of  any  term  of  a circulant  permanent  is  expressible  as  a sum 
(6.9)  A - + A2  + 

where  A^  is  the  contribution  due  to  the  t-chains.  In  this  section 
we  show  how  A can  be  calculated  by  evaluating  only  half  of  these 
Aj^'s,  specifically  the  set  (A^  + ^3  ^5 ***) 

(A2+  A^  4.  A^-f  •••). 

Xhis  will  depend  on  the  formula  given  by  Ore  (Some  studies  on 
cyclic  determinants,  0.  Ore,  Duke  Mathematical  Journal  v.  18,  1951, 
pp.  343-354)  for  the  expansion  of  a circulant  determinant.  We  give 
here  a description  of  the  use  of  his  formula. 

Suppose  then  we  wish  to  evaluate  the  coefficient  B of  a term 


(9.1) 


a"-^a 
0 


Pl^P2 


...  a 

Pr 


of  a circulant  determinant  (B  will  always  be  used  to  designate  such 
a coefficient).  The  subscripts  p^  may  take  equal  values.  Put 


(9.2)  P=P^4-P2+ 

Now  form  all  partitions  of  ri  ^2*  ****  where  r^  >1,  so 

g = 1«  f rj 

g r 2«  (^r  - 2,  23  ,[r-  3,  3 J , [r  - 4,  4]  ,*•• 

g z 3 1 pr  — 4,  2,  2_3  - 5,  2,  , *’*,  etc. 

For  each  such  partition  divide  the  sum  P into  g parts 
P i Pi  + P2  +-  J-  Pg, 
where 

Pi-  Pj4-  P2+  **•■+  Px  = length  x^. 


^2  ^ ""xi  + X2  ’‘2» 


Pq  = • * • + P, 


= length  Xg, 
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and  each  = 0 (mod  n).  In  forming  the  consider  all  the  p's  as 
formally  different,  and  P is  to  be  thus  partitioned  as  in  all 


possible  ways. 

If  now  the  term  (9.1)  be  written  in  the  equivalent  form 


n-r,'"l,'"2...  ,'"n-l  ' ' ■ *■ 


a"  *a 


1 ^2  3n-l  > 


then 


(9.3)  B = i ^ (-I)*^“^(xi-l)!(x2“l)l**»(x--l)ln9, 

mj^I  m2l  mn-1*  ^ 


where  the  sum  covers  all  partitions  of  P as  above  described. 

An  example  will  make  the  procedure  cleart  To  find  6 of  the 


term  Ba^a^a^ag  (nr  12). 

Here  Pj  r P2  r 2,  pg  r P4  r 6,  P5  = p^  r P7  r Pb  = 4,  r = 8 

We  then  have 

9 = 1«  [sj  I (pj4  P2  P3  + P4  t P5  + P?  +■  P8^»  ' 8 


g:  2*  [e,  23  I (pj-f  P2  + P5  + P^  -K  P7  + Ps)  (P3V-  P4).  Xj  r 6, 

* 2 


[5»  3]  t (P3  + P4  f-  P6  f P7  + Pe)  ^Pl  +•  P2  t Ps)»  ’'1  = 


X2  = 3 


for  all 


(P3>  P4  P5  f P7  + Pg^  ^Pl'^  + 


(P3  P4  + P5  t P6  + P8^  + ^Pl  P2  t P?^ 

(P3  f P4  ^ P5  f P6  P?^  ^Pl  f-  P2  f P8^ 

(Pl  + P2  -I-  P3  + P4  ^ P8^  + ^PS  t P6  ^ P?^ 

(Pl  ^ P2  f P3  f P4  f p-^)  + (P5  f P6  f Pe) 

(Pl  t P2  + P3  + P4  i-  P6^  ^P5  f P?  P8^ 

(Pl  + P2‘+  P3  + P4  + P5^  t ^P6f  P7  ■»'  P8) 


J.A-  ' 
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&»  4*  ' (Pl  r P3  P5  P(,)  ' (p2  ■ P4  - P7  ’ P8)»’‘l^^»  ^2^^ 

(Pl  +■  P3  + P5-i-  P7)  -•  (P2  + P4  i-  Pe  Ps^ 

(pi  4.  P3  -1  P5  4-  Ps)  tP2  -r  P4  -f-  Pe  ^ P?^ 

(Pl  4-  P3  + Pg  i-  Py^  ^P2  ^ P4  + P5  Pe^ 

. (Pl  + P3  ■*■■  P6  4-  Ps)  (P2  f-  P4  f P5  4-  P?) 

(Pl4  P3  -f-  P7  4-  Ps)  ^P2  r P4  4 P5  4 P6) 

(Pl  4 P4  4 P5  4 P&)  ^ ^P2  4 P3  4 P7  4 Ps) 

(Pl  + p^  4 p^  .4  P7)  r (P2  r P3  +.  p^  4 Pg) 

(Pl  f P4  -4  P5  h Ps)  '*■  ^P2  ^ P3  )■  P&  ■f'  P?) 

^Pl  4 P4  4 P&  f-  P?^  ^ ^P2  4 P3  4 P5  f Ps) 

^Pl  P4  4 Ps  4Ps)  ^ ^P2  -4  P3  4 P5  4 P7) 

(Pl  4 P4  4 P?  4 PS^  ^P2-^  P3  4 P5  4 Ps) 

g-3i[3,3,2ji  (Pi -f-  P2  4 Ps)^  ^PS4  P7  ^ Ps)-^  (P3  4 P4)  Xj=3, 

X2 -3, 

(Pl  4 P2  4 Ps)-)  (P5  4 P7  4 Ps)  + (P3  + P4)  X3  r 2. 

(Pl  r P2  4 P?)  ^ ^Ps  4 Pe  f Ps)  4(pg  f P4) 

(Pl  4 P2  4 Ps)  ) (P54  Ps  f Py)+  (P3  i P4) 

Then 

B=  ^7^  -/(-I)  ®"^.(7:)(12)  4 f 8(2:4:)+ 12(3l3:)j  12^ 

+ (-i)®"^(i:2:2:)(i2)^} 

A second  example  involving  a general  value  of  n:  Find  B of  the 


term  Bal^"^a„  a_  a„  a^,  a^  a„  (pi's  ^4  ) where  the  p.  satisfy  the  con- 
0 Pl  P2  P3  P4  P5  Ps  ^ 


ditions 


(9.4)  P^-I-  P2^  P34-  P4S  P5+  PgS  0,  Pi4P3+P5g  P24P4-fPs^  ° 


We  have  I 

g - 1»  (Pl  4 P2  4 P3  +-  P4  t-  P5  4 Ps)i  xj  - 6 
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g - 2i  (pi  + pj)  f (P3  f P4  P5  -f  pg),  Xj-  2,  xj  - 4 

(P3  f P4)  ^(Pi  f-  P2  f-  P5  r P&^ 

^P5  -h  P6^  +•  ^Pl  + P2  + P3  +“  P4^ 

(Pl  f P3  -h  P5)  4-  (P2  i-  P4  P&) 

g - 3i  (p^  ^ Pj)  (P3  f-P4)  + (Pj-f  P^)*  Xj  ^ X2  = X3  =.2. 

Hence 

B r n +-  (-1)^"^  |3(6)  f 2(2)  | f 

B - -120  n 4 22n^  - 

There  is  a certain  similarity  between  Ore's  formula  for  determinant 
coefficients  and  (6.9)  the  formula  for  permanent  coefficients,  the  par- 
titioning in  the  determinant  case  being  related  to  the  links  of  the 
permanent  case.  It  should  be  noted  that  Ore's  formula  for  B is  rela- 
tively simple  to  evaluate,  but  even  this  would  become  impractical 
for  larger  values  of  n and  most  terms. 

1 ■( 

If  a circulant  permanent  be  expressed  as  jaijj  'then  any  one  of 

its  nl  terms  ana2j^3k  ***  ®nm  (odd)  permutatfen  term  if 

ijk  *••  m is  an  even  (odd)  permutation  of  123  *•*  n.  And  a like  state- 
ment is  of  course  true  for  a circulant  determinant  ja^jj  . 

We  can  thus  write 

+•  1' 

(9.5)  |a^.j-P-N,  }ajj(-PfN 

where  P,  N represent  respectively  all  even  and  odd  permutation  terms. 

The  coefficient  B of  any  particular  term  T in  the  determinant  can 
be  represented  by 

B ' C - D 

where  C,  D represent  the  respective  contributions  from  the  even  and 
odd  permutations  giving  T.  Now  the  corresponding  term  T in  the 
permanent  must  have  the  coefficient 
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A = C ^ D 

It  has  been  previously  seen  that  any  one  of  the  nl  terms  in 
the  permanent  expansion  is  3]^  aj^^***  3]^  ^ in  the  product 


(a^  a 


)(x. 


Xi  • • • X*  ) 
Ir 


^0  n 


'n-1 


Also  if  i^ij^  •••  i^_j^  is  an  even  (odd)  permutation  of  0,  1,  ••*,  n-1 


then  the  associated  aj^  ***  even  (odd)  permutation  term 

*^o  ^n-1  


of  the  expansion. 

But  if  igij^  •••  in  cycle  form  be  represented  by 

(_1  ^2  ^ •••  n , (i.e.  Cj.  cycles  of  length  j),  then  (Lederman, 
Introduction  to  the  Theory  of  .Finit^e  Groups ) 

i^ij^  •••  = - even  permutation  if  n - r is  even, 

i^ij^  ***  ^n-1"  permutation  if  n - r is  odd, 

where  r ^ Cj^  C2 1 + c^^. 

Furthermore  it  has  been  shown  in  section  2 that  the  cycle  repre- 
sentation of  the  i-permutation  is  in,  1 - 1 correspondence  with  the 

link  permutation  of  the  term  a^  •••  ai,  (co  links,  of  length  2, 

S “^l  '^n-1 

C3  of  length  3,  •••,  and  Cj  = exponent  of  a^) , Hence  C2  -h  C3+«'-»rCrt 

equals  the  number  of  links  in  the  link-permutation. 

It  follows  that  the  odd-subscript  A's,  A,,  A«,  A-,'**  contribute 
entirely  ^ 

/to  either  the  even  or  odd  permutation  part  of  A,  and  A^,  A^,  ••• 
entirely  to  the  opposite  type  of  permutation,  i.e, 

(9.6)  A = (A^  t A3  A5  + •••  ) f (A2  t A^  + Ag-H  •••  ) - C 4-  D, 


and 


SlS  A^tA3  4-  Ag- 
^2  S A2  4-  A^  -f-  Ag  ■F 


C, 

D, 


• • • 
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or  = D,  $2  - C. 

If  now  T = AaQ”'"a5'^  •••  is  a terra  of  the  perraanent,  then  r = (n-m):J- 
{cq  4-  C3+  •••  + c^),  n - r = ra  - (03  f-  C3  4-  •••  -f-  . Hence,  if 

ra  Ls  even,  $2-  C,  Sj  - D,  if 
ra  is  odd,  $2  - D,  Sj^  - C,  ' 

If  is  the  corresponding  terra  in  the  determinant,  then 


we  can  write 


B C - D = (-iT  (S2  - Sj), 
A = C 4-  D - $2  < Sj^ 


(9.7) 

(9.8) 


A = 2Si-^  (-1)"^, 
A = 2S,  - (-1)"’b. 


This  means  that  to  determine  the  permanent  coefficient  A it  Is 

sufficient  to  find  the  determinant  coefficient  B and  either  S.  or  S2. 

Example.  Find  A in  AaJ^'^a^  a^  ***  » (pj  ) 1 where  the  chain- 

0 pj  P2  P5’  *^i  ' 

type  of  the  term  is 


f ;>lP2j  fPsPA]  [P5P6J  » [P1P3P5]  [P2P4P6(  I- 


Direct  calculation  gives 

(9.9)  Aj^  ::  14n,  A2  - lOn^  - 68n,  A3  = n^  - 12n^4-  38n», 

A = Aj  4-  A2  f .A3  = n^  - 2n^  - 16n. 

The-  evaluation  of  B was  performed  above  as  a previous  example  with 
B - -n^  h 22n^  - 120n.  We  need  now  to  calculate  only  $2=  A2  lOn^  - 68n 
to  find  A - 2S2  - (-l)S  = 2(l0n2  - 68n)  - (-n^  f 22n^  - 120n) 

A r n^  - 2n^  - 16n 


as  before. 
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As  a check  we  have  :=  Aj  + A3  s:  n - 12n  f 52n,  and 
A ^ 2Sj  f ' ' 

The  direct  calculation  in  (9.9)  of  A^  and  A3  is  much  longer  and 
more  difficult  than  that  of  A2.  By  this  method  here  explained  we  can 
avoid  these  difficulties  by  deriving  only  ^2*  ® fairly  easy  problem. 

Further  use  of  this  method  will  be  found  in  the  following  sec- 
tions where  it  is  applied  to  more  complicated  types  of  terms  from 
the  link-viewpoint. 


10.  1-chain  and  2-chain  terms.  General  formulas. 

The  general  formula  for  any  1-chain  term  has  been  obtained  in 
section  5 (formula  (5.12)).  It  is  derived  here  again  in  a simple 
manner  by  use  of  (9.7),  If  the  general  1-chain  term  be  called 


^n-m  mx  mh  chain-type  is 

0 Pi  ■ Ph  


} mi  m2  ■ ■ mj, 

lprP2  •••  Ph 


then  by  (9.3) 

(10.1) 

and  by  (9.7) 

(10.2) 


S 1 , (-l)'""\m-l)l  n 

mj^;m2i  •••  m^^; 


A = A^-  -(-1)"’b  3 


n(m-l) I 
mxlm2l  •••  mj^i 


which  is  the  same  as  given  by  (5.12). 

An  example  of  such  a term  is  a^^aj^a^a^a^a^a^  (n  - 26)  in  which 
A = (26)(360). 

Consider  next  the  2-chain  type  terms.  The  simplest  case  of 
this  type  is 

(10.3)  I p^lp^S...  p^gj  rq"lq22...  q{Jh^  jjJ  ^qJ 

associated  with  the  term  a^^a™^  •••  aH'^a'^l 

° Pi  Pg  9l  % 


uu 


in  which  no  subscript  equals  a subscript. 

Since  now  A = 4 Aj  it  is  sufficient  to  calculate  either  Aj^  or  A2. 

following 

A convenient  way  to  obtain  Aj  is  based  on  the/familiar  Lemma  (Uspensky 
and  Heaslet,  Elementary  Number  Theory,  McGraw  Hill,  N.Y.,  1939,  p,  105). 

Suppose  we  have  a collection  of  objects  which  may  or  may  not  possess 
one  or  more  of  the  characteristics  Cj^,  C2,  •**,  C^,  to  find  how  many 
of  the  objects  do  not  possess  any  of  the  characteristics  C^,  C2,  ***,  * 

Let  N be  the  total  number  of  objects  in  the  collection,  Nj(Cj^)  the  num- 
ber of  objects  possessing  a given  character  , N2(Cj^,  Cj)  the  number  of 
objects  possessing  two  given  characters  Cj^,  Cj,  etc.  Lemma.  The  number 
of  objects  not  possessing  any  of  the  characters  Cj^,  C2,  *•*,  is 

(10.4)  . N - (Ci)t2  ^2  (Ci,  C.)  -2n3(C.,  C.,  CJ  + 

i ij  ijlc 

^ (-l)"N^(Cp  C2,  •••,  C^) 

where  the  summations  are  extended  over  all  combinations  of  the  subscripts 
1,  2,  •**,  n in  groups  of  one,  two,  three,  ***. 

For  our  present  case  (10.3)  let  represent  any  permutation  of  the 
~ 2^  "™i  pj  , P2  , •••,  Pg^  comprising  the  first  link 

(called  the  P-link),  and  C2  represent  any  permutation  of  the  second 
link  elements,  called  the  Q-link.  Then  by  the  Lemma 


(10.5)  N^(qC2)  = N - (N^(Cj)  -f-  N2(C2)  ) C2) 

will  equal  the  total  number  of  1-link  permutations . We  find 


“ ^ TtpVq  ’ ■ 


Li*  (L2  1): 


(10.6) 


where 


, , Iq!  (L1+I): 


/ V Lj  I Lo  • 

N2(Ci,  Cq)  = 2 


^1  s mi, 

L2^ 

L 

ni,  Lr  Li  + L2, 

(10.7) 

'* 

"l^p  - mi  Im2 1 

• • • 

mg  l , 

TTq  =^ni.:n2:'  •••  n^l 

Hence 

(10.8) 

^1(^1^ ) " ' 

-L- 

TTp 

((L-i):-Li:  L2I]  = T 

45 


Next,  to  find  Aj^,  relabel  the  p and  q subscripts  as  Xp  X2» 

**’i  Xg  ^ and  let  be  the  exponent  of  in  the  term.  Also, 
let  ba  the  number  of  1-1  ink  permutations  beginning  with  xj,.  Then 
T=  X2+  — +Xg^j^, 

and  from  (5,10)  we  see  that  Aj  = n % Hence  ~~  f so  that 
T = -^-£1^1-  LAj^/n.  Using  this  in  (10.8)  gives  finally 

(10.9)  Ai=  TTp  tTq  "^I’^aO 

The  ccsffinient  B of  (9.3)  is  easily  found  to  be 

Tf^ 

whence  from  (l0.9)  and  (9.7),  (S^  = A^),  the  coefficient  A is  given  by 


(10.10) 


A = 


We  state  this  as 

Theorem  10.1.  The  coefficient  A of  the  term  aj^a*”^  •••  a*'''ga^l  •••a’^h 


Pi 


Pg  % 


of  chain-type  (10.3)  in  which- no/p^' s' q.-  is  given  by  (.10.10)  (and 

(go.7)). 

Examples  of  such  terms  would  be  30^3133348732^7,  (n  = 20),  with 
type  [1  47  ] {3  l"^  and  3o^a3^ajjai2a^5,  (nj;t20),  with  type  [1^4^^  l”^. 
It  is  of  interest  to  calculate  A2  directly  for  the  term  of 
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Theorem  10.1.  First  we  have  from  (9,7)  that  A2  = + (-1)^  or 

(10.11)  k2-  (n  - L.U). 

^ TTpTTq  ^ ^ 

Now  let  T(cj^,  C2)  be  the  number  of  distinct  2-link  chains  each  begin- 
ning (pi,  •••  )(qi,  •••)  and  containing  c^,  C2  cycles  respectively  in 
each  link.  Let  ng^(n'g^)  be  the  number  of  times  Pj^(q2)  occurs  in  a cy- 
cle. Then 

(ci)(njj^)  r m^^  - number  of  p^'s  in  the  chain 
(c2)(n'c2)- =■  number  of  q^'s  in  the  chai 


in. 


It  can  further  be  shown  that  N^^(X2)  (see  (6.8))  is  given  by 


(10.12) 


N3^(X2)  = n - L^L2 


Hence  by  (6.8)  we  have 

^2  - - LiL2)= 

But  this  last  summation  is  precisely  the  total  number  of  2-link  chains 
beginning  (pj,  •••)(qi,  •••)  (they  will  not  all  be  distinct  necessarily), 
and  this  number  is 

(Lj, - 1 )!  (L2  - 1): 


/.TTP 

\"’l 


^ "1, 


Hence 


A n(n-L^L2)^y  n(n-LiL2  )(Li -1)1(12-1 ): 



agreeing  with  (lO.ll). 

We  come  now  to  the  2-link  chain-type  terms  with  a common  element 
(subscript)  in  the  two  links.  Such  a term  is  denoted  by 


(10.13) 


n>o  ui-*-vi  mj  mg  n^  nh 

®r  ®pi  *"®Pg®qi  *”  ®qh 
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with  the  chain-type 

uo.M)  [.“V?  - p'^] 

(First  assume  P and  Q not  both  vacuous,  i.e.  assume  at  least  one 
> 0 or  one  o.  We  indicate  this  condition  by  (P  or  Q not 

both.  0). 

It  can  be  shov\/n  that  now 


vi  Ai  = “1  +•  "il 

(10.15)  «3^(X2)  = n - (LiLj  - ^ ^ ^ 

and  by  an  argument  similar  to  that  used  above 'we  find 


(10,16)  ^2'  Jfp  Jfq 

The  value  of  coefficient  B turns  out  as 


B = 


(-l)^n 


(u^  + ):  TTpTTq 


(L^ -1 ) : (I^-I ) In-(L-1 ) ^ 

(L  = L^  + L2). 


from  which  and  (10.16)  we  easily  find 


(10.17) 


- (L1-DUL2-1):  2 + RltD:  A-LsI 

r uj^it»|*  tTpTTq  . [(ui+^; 


(Li-i):(l2-d: 

'‘•2(u^-l);(^.l):j  n 


Theorem  10.2  The  coefficient  A of  the  term  (10.13)  of  chain-type 
(10.14),  (P,  Q not  both  0 and  no  — q ^ ) is  given  by  (10,17).  , 

In  (10.17),  = uj  + 2 mj^,  L2  s v^  4.  n^,  L = Lj  + L2. 

The  value  of  A-^  can  also  be  obtained  directly  by  means  of 
the  Lemma  and  then  A found  from  it,  but  the  method. here  used  is 
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simpler. 

Example  of  this  type  is 
[3^4  5 7 8]  [3^  2Uj.  A r (30)(1800). 

In  case  P ^ Q = 0 the  term  must  be  of  the  form  a™°a^J^,  with  the 


chain  type  this  case  :::  n 


=:  n -Ul, 


- 0,  A2  ■-  (-1)  B,  and  there  results 


(10.18) 


A - 


2:  u! 


(n-Uj^) 


This  type  term  is  also  considered  in  a later  section.  The  term 

.i^ao 


(n  = 25),  illustrates  this  type,  A = 10. 


11.  2-chain  tprms.  continued.  In  this  section  we  give  a formula 
for  the  coefficient  A of  the  most  general  chain- type  [u]  [v] 
where  U and  V can  involve  any  number  of  common  elements  (case  of  one 
commom  element  given  by  (10.17)).  The  situation  with  two  common 
elements  is  described  first,  and  then  the  general  case  is  given. 

Since  a long  and  involved  analysis  is  required  only  an  outline 
of  the  various  steps  involved  will  be  set  down. 

Consider  then  a term  with  the  chain  type 


(Il.l)  [U][vl  = [r“ls“2p5'l—  p^j  [r''U%tl  - qfih] 

where  again  no  p-^  = Qj.  Assume  first  the  links  are  not  identical, 


(i.e.  exclude  the  case  P =:  Q s 0,  Uj^  x vj,  U2  =:V2). 


The  determination  of  N'  for  any  particular  link-permutations  is 

®1 


now  more  difficult  since  N-  will  in  general  vary  from  one  such 

O 1 


permutation  to  another. (Note  that  in  (10.12)  and  (10.15),  is 
independent  of  the  link-permutation  X2  ^1^2^* 


49 


Let  y^YQ***  Yu  be  any  permutation  of  elements  r and  s selected 
from  U and  zj^Z2  **•  Zy  be  such  a permutation  selected  from  V,  Then 
if 

(11.2)  Zp  yiY2#  V2****  * ^1^2  •••  Vl]/^  21^2  •••  Vl 

but 

(11.3)  Y1Y2  •••  Yu  = ZiZ2  *** 

the  relation  (ll.3)  is  called  an  identity-secMence.  of  length  u. 

For  example  (ssrsrrrsssrr,  rrsrsssrrrss)  is  not  an  identity 
sequence  since  ssrsrr  = rrsrss  although  s ^ r,  ss  ^ rr,  ssr;jtrrs, 
ssrs  ^ rrsr,  ssrsr  ^ rrsrs. 

However,  (ssrsrssrrsrr,  rrsrsrrssrss ) is  an  identiy- sequence  of 
length  12.  The  inequality  y\'i2  ***  X»t^ziZ2  ***  z,^  means  the 
number  of  r's  in  the  two  permutations  y^***  and  Zj^***  z^^  is 
different  (and  of  course  for  s's  also).  The  equality  (ll.3)  means 
both  permutations  have  the  same  number  of  r's  and  s's.- 

Nowit  can  be  shown  that  the  value  of  Ng^  for  any  particular 
link-permutation  obtainable  from  (ll.l)  is  given  by 

(11.4)  Ng^  = n-(LiL2  - E ti) 

where  tj^  is  the  total  number  of  identity-sequences  of  length  i, 
the  first  half  of  the  sequence  contained  in  the  first  link,  and 
the  second  half  in  the  second  link,  ,and  the  link  elements  are 
considered  cyclically  in  this  count. 

Thus  in  the  link-perihutatioh 
(s,  r,  r,  r,  s,  r,  p^,  r)(£,  r,  r,  s,  q^,  s)  - 
we  find  tj  = (2)(l)-h  (5)(3)-  17, 

t2  — 3,  tg  — 1,  t^  — 1 

For  t2  we  count  the  (rs,sr)  composed  of  the  underlined  elements 


£-V 


si ! 


1 M 
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considered  cyclically. 


Hence  = n - [[(8)(6)  - (17  -K'S  -f  1 + 1)J 


s n ’26. 


It  is  next  shown  that  A2  is  expressible  as 


(11.5) 


‘1*2 


where  T s -v  *•*,  and  the  Tj^  are  obtained  as  followsi 

Let  l(ij,,  ^2)  be,  the  number  .of  different  tvoes  of  identity- 
sequences  of  a given  length  x s fij  i2»  where  ij^,  i2  are  the 
respective -number,  of  r's  and  s*s  in  each  half  of  a' sequence.! 
Thus , 

I (1,  0)  = 1(0,  1)  = 1 ((r,  r),  {5,  s» 

I (1,  1)  =-2,  ((rs,  sr),  (sr,  rs)) 

I (2,  1)=.2,  ((rrs,  srr),  (srr,  rrs)),  etc. 

It  is  shown  that 


' h ^ ^2  - i /il'*'^-2^/i^^•  i2-2 
(11.6)  Kij,  i2)s  IU2,  ij)  X 2 I i^  - 1 


il  -1  I* 


(i^4  2,  ijij:^  0)' 


Then  T„  is  given  by 


(11.7) 


Tx=  UjVj  I (il»  4) 


ij4  i|^x 


. *1.  .2 


, (x  >1) 


where 

(11.8) 


M 


(Lj  - (ii4i2)):(l2  - Ui+  i2)): 


TpTq  ^'^l  - *i)J(u2  - l2)!<Ti  - li)S<V2  - i2)I  ’ 

(all  ij , 12). 


(n  - LiL2)(Li  - i):(L2  - 1)1 

^0=  TTpITo  -i):u2i  vjUvj  - i): 


(11.9) 
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Finally  by  (ll.5),  (ll.7),  and  T - we  have 

- n?(Li  -i):(l2  - 1):  . 3 — • 

(11.10)  A2=  -I-  n , Kij,,  i2)  Mi  i , 

TT  ii+i2=o  1 2 

where  lT=Ui:  U2l  Vi*  V2:TTp  TTq» 

The  summation  in  P^2  proceeds:  (l(0,  O)  Mqq)  4- 

(1(0,  l)Moi-h  1(1,  0)Mio)+(l(l,  l)Mii)+  (1(2,  l)M2i+  Kl,  2)M^2^ 

•••  till  a zero  term  is  reached. 

represents  the  number  of  all  x-length  identity-sequences 
obtainable  from  all  link-permutations  starting  (r,  “OCs,  *•*)» 

(x>0). 

The  expression  UiV2Mi^i^  represents  the  number  of  times  each 
identity-sequence  of  given  length  x = ii  i2  (each  half  containing 
iir’s,  i2s's)appears  in  link-permutations  starting  (r,  •••)(s,  •••). 
Finally  the  coefficient  B is  found  as 


(L-D'n 


(11-11)  B=  7— — -77-^- ■ - - (-l)^’^(L-l):n 

(Ui4-Vi)l(u2t  V2)J  ITpIlQ 

(T) 

The  value  of  coefficient  is  given  in  the, Theorem  below, 
rem  11.1.  The  coefficient  A of  the  term 


a'"oaUl.t  ^13^2  +V23mi  ^mg^ni  ... 
or  s Pi  Pg  Ql  qh 

of  chain-type  (ll.l),  (with  pj^  qj  and  excluding  the  case  P =r  Q = 0, 

U]^  = vj,  U2  = V2)  is  given  by 

r.  ^^1  " i)-(i-2  - 1):  2 

ui:u2:vi:v2:tTp  tTq  " 


(11.12) 


lli-Vi 


4 7,.,u; 4-2  ^ 1 

':(u24V2)!Trp-fTQ  ^2)%i2  " 
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where  12)  is  defined  by  (11.6)  with  l(0,  O)  - -1,  l(l,0)=  l(0,  1) 

= 1 and  (H*8),  (Li  = 4-  U2  + J2'"i»  1^  - vj  4-  V2  2."t> 

L s Lj4-  L2). 


The  exceptional  case  P s Q =:  0,  = Vj,  U2  s V2  gives  the  chain-type 

[i‘Jls“2]  [r‘^ls“2].  It  can  be  shown  now  that  Aj^  = 0 (no  1-link  permu- 
tation possible).  Hence  we  find  easily 


(11.13)  A = A2  = 


2(u^4-  02)^ 


f2u^  4-  2u2\ 


2(Uj  -|-  U2) 


2u, 


Illustrations  of  these  types  are 

a^^a^a^a^Sga^^^  (n  — 22),  with  chain-type  Qj^2  6 s]  ^3  2^15}  , and 
a^^a^Qa^j  (n  « 24),  with  chain-type  |^3^2^^^2^3* 


Vj 


I 


We  come  now  to  the  general  2-chain  type  term  having  any  number 
of  common  elements  in  each  link.  Such  a term  is  represented  by  the 
chain- type 

(11.14)  c ^ 

where  P,  Q have  the  same  meanings  as  in  (ll.l). 

An  expression  is  first  found  for  A2  analogous  to  (11.10)  where 
m = 2.  The  functions  corresponding  to  l(i^,  12)  will  be  given  in 
terms  of  a difference  equation  (recurrent  formula). 

First  define  a function  Jx^^l»  ^2»  *’*»  ^1»  "*»  ^m^* 

(yiy2  •••  Yx»  ^1^2  •*•  ^x^  ® pair  of  permutations  consisting  res- 

pectively of  % ri’s,  i2r2’s,  •••,  i„,r^'s  and  r^’s,  ••  • ,' Jj^rf^'s,  with 
Ci  = = X.  The  function  Jx^^l»  ***»  ^1*  ***»  equals 

the  number  of  pairs  of  such  permutations  with  the  property 

(11.15)  z\,  Yiy2^2lZ2»  yiy2Y3^  Z1Z2Z3*.' •••»  Vi''.' 

yiYj.-.y^j  ^ zi*2  •••  Zx* 
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Examplei  (rjXjrjrj,  r2rj^r3r2)»(x  = 4,  m =:  3,  2,  i2  = 13=  1} 

jj  = j3  = 1,  )2  = 2), 

Then  a simple  analysis  shows  that 

(11.16)  l2.  •**,  imi  ^1»  ^m)=  iH  '•*» 

Vl»  ***  im5  ji»  •••*  -1* 


with  the  conditions  Z* i - £*J  - x 4-  1.  Also 

■^x-H^^l*  *“•  ^1’  “*»  ^ni)  = 0. 

Now  define  a function  Ix4-l^^l»  ^2>  ***» 
by  the  conditions 

^x  4.  l^^l*  ^2*  *“*  ^rai  ) *the  number  of  pairs  of  permutations 


Vl=^  ^1»  ^1^2^  ^*2*  ••*»  Vl  ’*• 


where  y^***  y^xj^  and  Zj  •••  z^r^  both  consist  of  IjXj^ 's, ig  X2*s, 


••*»im  V«»  (^'i  = 1). 


Example*  (xiX3X3X2j^i  X2XiX3X^xg)  as  one  pair  for  15(2,  1,  2;  xi,r3), 
Note  that  ^ ^ is  a generalization  of  I(lj,  ig)  of  the  case 


m = 2, 


It  will  then  follov^  that 


(11.17)  + l^^l*  **’»  ^ra»  ***’ 

i .^4-  1»  *"i  ^l»****y-l»  ^ti»  ***»  im^»  ( 2 i » x l). 

Next  put 

, . , Ui  - g i):(l2  -gl)! 

(11.18)  MUi,  l2,  — , lm>=TT  -ir  (ui-li):-"(u„-l„):(vi-ti):---(fc-«! 


Then 


54  (Li-1)UL2-D: 

(11.19)  Aj-  r>4 

+ (El(ii,  ig,  •••,  r^)M(li.  l2.  '•*.  ^m)}  " 

where  1(0,  •••,  0)*  -1,  1(0,  •••,  0,  1,  0»  •••,  0)  = 1»  (no 

present),  and  tlW  summation  cover®- all  poftsihle  values  of  I21  ***» 

and  oL  , ^ with  ^ . Note  the  index  x -h  1 on  the  I function 
Is  +WT#  unnecessary  due  to  the  sunvnatiooe 

In  addition 

• • ^ 

'jj'ru^:  •••  u^:  v^:  •••  v^:  TTplTo,  4 -Z'^i+’&i*  ^ - 2-''i+2"i» 

L ae  L2  • 

The  coefficient  B is  found  without  difficulty  and  finally  the 


coefficient  A is  obtained  as 


(L,-i):(L,-iy 
(11.20)  A*  "IJ 


1 2,f  " — 

" |(ui'»-vi):  (u„4*v„):TrpTTQ 


+ 22l(li,l2,‘**.ira}rA,r^)M(ii,---  , i„)}n 

■ ^ — 5* 

tW  exceptional  case  P-Q*0  with  chain-type 

^1^  *••  [^^1^  **'  gives  the  value  for  A as 

A A r(L-i):  1 ^ „2  . ~(2L-=i,Il-. — ■ ■ 

^[u^:--  u^:  J ^ [(2ui)i  — (2u^): 


(11.21) 


+ i:i(i:»  i2»  •••»  im;  Wii,  •••  , im) 


• • ■ (L  « 2u) . 

where  the  subscript  k in  the  second  summation  term  can  have  any  of,  the 
values  1,  2,  ***,  m but  must  of  course  be  kept  fixed  throughout  the 

U,,  mii«nat’i'onr  '." ‘ . 

To  convert  (11.21)  to  a symmetric  form  the  factor  i)/u|j  iri  the 
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second  summation  can  be  replaced  by  (ij"^  •••+  inj)/L,  though  the 
given  form  is  easier  to  use. 

Several  identities  connecting  the  I functions  together  with 
a large  number  of  its  numerical  values  are  given  in  the  Summary 
where  also  are  included  some  worked  out  formulas  for  A, 


12.  2-chain  terms  (concluded).  In  this  section  some  formulas  are 
given  for  coefficients  of  terms  whose  chain-types  involve  two  or 
more  pairs  of  2-chains.  The  simplest  such  case  is  represented  by 
the  chain-type 

(12.1)  feoj]  [G3G4J  . [gA]  [G2G4]] 

where 


. m,  m^  n,  n.  u, 

(12.2)  - pj^i  •••  p 9,  G2  •••  G3  = 


• • • T • 


'g  » -2  “ “'h  » " ■ 1 * 1 * 

Vi  Vj 

64-^1  " • 

and  there  are  no  common  elements  between  anv  two  G»s. 

The  value  of  coefficient  A is 


91  = mi  f • • • 4-  mg,  g2  = ni  • + n^, 

93=  ^ •••  +Ui,  g^  =v^4-  •••  -h  Vj, 


(12.4)  L-^  s 9i  4"  92*  93  "h  ^4*  ^'1  - 9i  4"  93*  ^2  - 92  ■+-  94* 

TTg  = mg:)(nj:*»*  nj^I)(ui:***  UilXvil***  Vj!) 

An  illustration  is  a^a^a^a^a^a^a^,  (n  5 12) 
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Here  the  type  Is  [Q  2 4 s]  [9  3]  , [l  2 9]  [4  5 = 1 2, 

G2  = 4 5,  G3  — 9,  G4  = 3, 

91  - 92  " 2,  93  » 94  s li  Lj  s 4,  L2  - 2,  = 3,  M2  = 3,  L ■=■  6,  and 

A : (12  )(88  ). 

The  next  type  is  one  with  three  pairs  of  2-chains 
U2.5)  jtGiGjGj]  [G4G5]  , ^iG3G4]|g2e5]  , ^3G4]§iG5]^ 

The  first  four  G's  given  by  (l2.2)  and  G^  by 

r - f'(*U':'2  ...  4.wk 
^5  - ^2 

Again  we  assume  no.  common  elements  between  anv  two  of  the  G*s. 

The  formula  for  A turns  out  to  be 


(12.6) 


A =. 


|^Li-1)1(L2-1):  + (Mi-1)1(M2-1): 

-2(Li'..L2i  +-M;iM2t  -hNi:N2l)+  2^  n 


in  which  P - \ ' / 

M ^ 93V /92  4-  9^  /93  + 94\ 

e.  9, 192:93:94:^, 9j\  92  93  y]’ 

(12.7)  95  s wi  + •••  + h - 9i  4-  92  + 93»  h ' 94 -f-  9s»  % = 9l 4-93+ 94* 


^2  = 94  4 95*  - 92  +-  93  4-  94,  N2  r 9x  -h.  95*  L h.+  l-2> 

and  TTo  is  defined  as  in  (12,4)  with  the  additional  factors 

(W|I  •••  Wj^l), 

Example:  ^o^3ja2aga^ajj^aj^aj (n  = 20),  type 

|[l  8 9 ^ [l4  15  11]  , [1  8 2 14  1^  [9  llj  , ^ 2 14  is]  [l  8 1^ 

Gx  = 1 8,  Gg  = 9,  G3  s 2,  G4  =:  14  15,  G5  = 11.  ' 

When  common  elements  are  present  in  the  various  links  the  calcula- 


tions are  more  difficult,  VJe  give  the  simplest  such  type  only: 


(12.8)^ 


r”3+-«4  1 ■ 

[r  G3Gj,|r  G,G3j|r  G2G, 


with  the  G's  as  in  (12.2)  and  possessing  no  common  element 
between  themselves. 


The  value  of  A is 


j '(Li-1)1(L2-1):  (Mi-1)'(M2-1):  ~l 

^ “ 7T G («!  -f  W2)l(w3  +■  W4)l  ‘'"(wj^  + w^)l{vi2-^  w^rij  " 

1 -2  2 . ■ ■■ 

■t  -rr^  (Wi -h  W2)I(W3  4.W4):  (wi4-W3)I(w24- W4)I 

(12.9)  "G  L 

(L^-D:(L2-1)I  (Mi-1):(M2-1)I 

(w^-I-W2-1)1(w3  + W4-1):  ^ ^ (wi4-W3-1):(w2-+  w^-1)I 


/xf  gA/x+W4-Wi-f-  g4\  /x-l-f-  gi\y^-l+  W4-wj^  + g, 

)-"  9i)\.  94 

(12.10)  / \ / ^ ' 

/x-2t  gA /X-2+W4-W1  -t-g4^  jZ -f-W2-x  >02^ ^1 -*''^3-x-^g3M 


(12.11) 


4=  wx+'^’2  + 9i-)'g2»  W3+'"4-^'93-^94»  - w^'4_W3  ^.g^+gx, 


M2  5 W2-*- ”4 +'92->'94»  L = Lj  4.  L2,  W-  WJ4'W2  + ”3■^*”4» 

Also  the  notation  is  chosen  so  that  wj^^  'W4, 

Example:  3g°aJa2a^ja^  (n  = 20),  with  type  |^32  l^|i'^16^^^2 

Here  Wj^  r 2,  W2-=-l,  w^rO,  W4»4j  = 2,  G2S-15,  Ggslb,  ^4  ^ 0. 


The  simplest  3-link  chain  type 
links  is  represented  by 


(13.1) 


3ut  commor 
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still  using  the  notation  of  (12,2)  for  the  elements  of  the  links.  It 
is  instructive  to  calculate  A in  two  ways*  first  by  finding  and  A3 
giving  ■=  -h  A3,  and  second  by  finding  A2  =^82, 

To  find  Aj^  we  use  the  Lemma, 

Let  any  permutation  of  elements  of  link  (Gj^), 

Gjj  - any  permutation  of  the  elements  of  the  combined  links 

(Gj_),  (Gj), 

Li  = 9i.  9i  mi  +-  ••••^■mg,  g2  r n^  +0^,  - u^-H 


Then 

(13.2)  Ni(Gi) 


LiJ(L-Li  4-1)1  \ 

/ (|Gi  c mi:m2l  **'  mgl,  etc.,1 


L = Lj  4-  L2  4-  L3 


(■-k 

4-  Dlnj 

^ ^ (i»  j»  k s 1,  2,  3 in  any  order), 

(13.3) 

where 

(13.4) 

Foi 

I 

‘(Li  4 Lj):  w (Li  4-  Lj)Li’Ljfj 

gives  the  total  number  of  1-link-permutations  made  up  from  the  ele- 
ments of  links  (G^)  and  (Gj)  combined,  i.e.  n^j  is  the  subset  of  all 
the  permutations  G^^  which  are  1-chains  (first  element  not  kept  fixed 
in  this  count  to  give  n^j). 

Further, 

Li'L.:(Lk  4-2);  ^ ^ ^ ^ 

(13.5)  N2(Gi,  Gj)c  , (TIg  = II  Gi  ||  G2T/G3)» 


TT, 


(13.6)  N2(Gi,  Gjk)  = 


3'Li !L2lL3l 

TTg 


(13.7) 


^3(01,  G2,  G3) c 
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Hence  the  total  number  of  1-link  chains  (no*t  keeping  first 
element  fixed ) is 


(13.8)  n^23=  N -Z![Ni{Gi)  4 Ml(Gij^'»'  E[n2(Gi.  Gj)  + NjCGi,  Gj^)) 

- N3(G2^,  G2,.G2)» 

or  ' , . 

(13.9)  n^23=  ^ (L-DI-*-  ( L t 1 )L  ^:L2:L  3!  - Li 

It  follows  then  that 

(13.10)  Ai  = f (ni23) 

Next  A3  is  found.  Let 

(13.11)  (p^,p^,  •••,‘P^^)(q{»  )(rf,  •••,  r^’) 

be  any  particular  3-link  chain,  and  put 

= pQ  -h  p{  + •••  +Pi»  ar  + qi+  q(, 

(13.12) 

= ^0  ^1  » (Po  = qo  = ^0 

(see,  e.g.,  (3.3)). 

The  parameter-values  a,  b must  satisfy 

(13.13)  a^s^  - tj^  , b - u!  , b ^ a+  (t|J  - uj^  ),(all  i,j,kjHi). 

There  are  (n-L.L^)  allowable  a-values  and  a minimum  of  n-(LiL3-i'L2%) 
allowable  b-values  for  each  a-value.  For  a 

given  a-value  the  excluded  b's  may  not  all  be  distinct.  There  will  be 
duplicate  b's  whenever 

(13.14)  a 4- (tj^  - u^)  =.(sj  - ,u{)  , 

In  (13.14)  if  i s m there  results  a S s J - t]J  contradicting 
(13.13).  If  i m we  write 

(13.15)  ^'^m  " 

This  latter  equation  always  has" a solution’ for  parameter-value 
a for  all  values  of  i,  j,  k,  m,  (i^  m).  Because  if  not  we  would  have 
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(13.16)  (sj  (u^  - tj^)=-  Sg  - (for  some  e,  f) 

or 

(13.17)  (sj  - s;)-h  (tj  - t,;)f  (u;  - up=0, 
which  contradicts  the  assumption  of  chain-type  (13.1 ) 

The  number  of  duplicate  b-values  will  therefore  equal  the  number 
of  a-solutions  to  (13.14),  (i-^m).  The  number  of  choices  for  (s!  - up 
is  Lj^I^and  then  for  (tj^  - u^)  the  number  is  L2(L3-1),  or  a total  of 
LiL2L3(L3-1) . 


The  value  of  is  then 

(13.18)  Ngb=  (n-LiL2)(n-(LiL3-h  L2L3 ))-^L^  1213(13-!  ) , 

and  this  value  remains  the  same  for  any  3-chain  (l3.ll).  The  value 
of  A3  must  thus  be 

(13.19)  A3^  — ^ (Li-1):(L2-1):(L3-1):  Ngj, 

(See  the  discussion  following  (lO.ll)). 

The  value  of  A is  then  determined  after  finding  coefficient  B. 

(A  is  given  in  the  Summary). 

Next,  to  find  A2.  To  form  a 2-link  chain  two  of  the  three  links 
(Gj^),  (G2),  (G3)  must  be  combined  to  form  a single  link.  The  number  of 
1-link  chains  thus  obtainable  from  links  (Gj^),  (Gj ) is  n^j  of  (l3,4). 
Denote  the  corresponding  2-link  chain  by  (Gj^Gj)(Gj^).  The  value  of 


for  this  2-chain  is  n-L|^(^ +•  Lj ) , so  that 

r»/  'll.!  \ (Lk'l)i  ^ T 

(13.20)  A2  = n^(  L.  4.  L J ^ L-j, 

(13.21)  A2='  -f|^  |n2  2(V1)* 

(Li  i-Lj):  -2l(lpl2:l3:^ 
In  the  summations  ks  1,  2,  3 with  respective  values  of  ij 


z:  2 3,  3 1, 


1 2. 
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The  coefficients  for  the  chain- type 

(13.22)  [t%^pG2j[r%3  ] , 
and 

(13.23) [LGiC2][C3G4jp5G6],  |G2G4G6]| 

have  also  been  worked  out,  and  the  results  will  be  found  in 
the  Summary. 

The  simplest  case  of  a 4-chain  type 

(13.24)  [Glj[<32][G3][G4] 

will  also  be  found  in  the  Summary. 

14.  Application  of  Muir’s  Theorem.  One  of  Muir's  theorems  is  use- 
ful for  finding  the  coefficients  of  certain  types  of  terms  (T. 

^^ir,  Question  6001  Educ.  Times  Ixv  (1912),  p.,139).  We  state  this 
theorem  here  without  proof. 

Theorem  14.1.  In  the  expansion  of  the  product  u^U2  * * * 

where  * ^il’^l  ®i2^2  ***  ^in’^n*  coefficient  of 

e,  eo  eT 

Xj  X2  •••  Xf,  is  given  by  the  permanent 


^11*’ 

*®ii 

a • • • a * 4 

®12  ®12 

'•"in” 

•"in 

®21 ' * 

*®21 

322“'®22” 

•a2n“ 

*a2n 

331“ 

•331 

^32' ”^32" 

•a3n** 

•^3n 

(14.1) 

• 

• 

• • 

• 

• 

L. 

ejle2l  • 

••e, 

^ • 
I 

n* 

• 

• • 

• 

• 

a a •••a  •••& 

®nl  ®nl  n2  ^n2  ®nn  ®nn 


|f— ej— ? f:— eg— — e^, — | 
where  there  are  e^  identical  columns  3li*2i**'  ®ni»  (^®i  * n). 
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+ + 


'ij 


Note  that  if  all  = 1 we  have  the  definition  of  a permanent 

Suppose  now  the  are  the  elements  of  a general  circulant  perma- 
nent Cpj(0,  1,  n-l).  Then  Theorem  14,1  states  that  the  coefficient  A 

pf  the  term 

. ®o  ®1  ®n-l 

^^0^1  •••  Vl 

in  the  expansion  of  is  given  by 
A = coefficient  of  (a^a,  ***  Jin 

0 l n-l  . 


(14.2) 


•••  ®n-l' 


^0  •••  3o3i  •••  ai^a 


il  •••  aia2 


^2^3 


^2^ 3 * * * 3-^3 


3^4 


"n-l***  "n-l"o'"aon 


32  ^n-l  ^ 

^3  ^o 


f— ep- 


n-l 


>•  «•••  ^ •••  .-i 

34  ai  ■.  aj 


a •••a 

®1  ^n-2  ^n-2 


'n-l 


(In  the  Theorem  the  roles  of  a and  x have  been  interchanged) 

(A)  Two- factor  terms.  This  latter  result  is  now  applied  to  obtain 

the  coefficient  of  any  term. 

(14.3)  Aa""^a^. 

0 p 

Such  a term  is  called  a two-factor  term  (factors  Sq,  ap). 

From  the  above  result  we  will  have  then  that 
A - coefficient  of  (a^a^  **•  ap,_j^)  in 
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(n-r)l  rl , 
(14.4) 


• ao  3p  •••  ap 


3l  ^->-1***  ap-t-1 


‘n-1 


*n-ivr*  Vl 


n-r  ■ 


A=  coefficient  of  •••  a^,^) 


Vl  ••‘Vl 

(n-r):  r: 
(14.5) 


^ MM  • • • 


1 ...  i!Eli...!E±l 


^P-1  Vl 

^ ^ • ♦■■4m— i—» 


^n-1 


’n-1 


r-  n-r — ^ ^ 


where  D is  the  permanent  thus  defined. 
Hence 


or 


- "o^l 


*n-l 


(n-r):  rl 


D, 


-(constant  term  of  D). 


(14.6)  A=- 

(n-r):  r: 

Expand  D by  Laplace's  expansion  using  the  first  (n-r) 
columns  against  the  last  r columns.  All  first  (n-r)-column 
cofactors  are  . ^ 


- (n-r): 


1 •••  1 


n-r 


The  last  r-column  cofactors  are  of  type 
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(14.7) 


®i-p  ®l-p 


a < 3 j 

t • • 

a . a . 

j-p  j-p 


• • • 


’k-p 


k-p 


\ i-p  j-p  k-p; 


where  ij  •••  k is  any  combination  of  r numbers  selected  from  0,  1, 
n-1,  and  is  defined  as  shown. 

It  is  evident  then  that 

A ~ the  number  of  ,,,  which  are  constant  (and  therefore 
equal  to  1 ). 

From  the  form  of  D it  follows  that  an  equivalent  formulation  of 
the  problem  of  finding  A is  thisi 

A = the  nuBbgf  gf  y»§y?.  <3f.  s^le.sti,pq.r  thg  .n.  £racU,gas 


!e  .^P-hi.^P-»-2 yi 

®n-l 


a©  32 


(14.8) 

so  their  product  equals  1. 

Now  the  only  way  such  a product  of  r factors  can  equal  1 is  for 
this  product  to  factor  into  sets  of  the  form 

r,  f 2p  , ^i-K3p  ...  ^i'hiraD 

^m'  3i  aitp  ai-t-2p  3i-h(m-l)p 

where  mp  = 0 (mod  n). 


Put 


d = (n,  p),  n ss  n-d. 
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Then  from  pr  ^ 0 (mod  n),  (weight  condition)  we  must  have  r ~ r^^nj^ 
(tj^  some  Integer). 

Now  if  mp  5 0 the  minimum  value  of  m ( ^ 0)  is  m = n^^ . The 
number  of  products  such  as  in  the  set  (14.8)  is  thus  n/n]^  =:  d, 

and  we  must  pick  r/nj^  — rj^  such  Pjjj  products  from  the  set  of  d.  This 
can  be  done  in  ways. 


This  gives  the  result 


a^'^'a^  is 

0 p 


(14,9) 


/d  \ 

"U  " £ (n. 

\ ' V n 


where  d^  (n,  p),  rj^  - rn/d. 

The  coefficient  can  also  be  easily  obtained  by  the  chain  method 
since  the  chain-type  must  be 


PJP] 


i.e.,  chains  all  alike. 

All  the  Aj^=  0 except  the  one  of  highest  order  A^.^.  Hence  A=  1b1, 
and  the  value  of  B can  be  obtained  without  difficulty. 

This  also  shows  that  the  term  a'^”^a*^  in  the  permanent  and  deter - 

op 

mined  have  the  same  numerical  value.  And  further  that  a comparison 
of  the.  two  formulas  for  A,  (14, 9)  and  its  value  as  1b|  leads  to  an 
interesting  identity,  (See  also  Ore*s  paper  in  this  connection). 

We  shall  obtain  other  instances  of  such  identities  whenever 
a coefficient  A is  obtained  by  use  of  Muir's  Theorem,  which  will 
express  A in  terms  of  the  binomial  coefficient  numbers,  and  by  use 
of  the  coefficient  B, 

Using  A as  given  by  (14, 9)  it  is  evident  that 


(14.10) 


•••  a_  ••• 

0 . P 

a ...  a • • 

• “O 


« • • • 


, "l  ''I  ,d 

(4o  +®P  ) 


V"' 


where  the  permanent  consists  of  an  m?'n  dio'^onal  and  n 3p  off- 
set diagonal,  all  other  elements  being  zeros. 


(b)  It 


tor  terms.  The  general  form  of  such  terms  is 


(14.11) 


e«  e 


®o‘  ®p» 


0 JL  fc 

The  simplest  case  is  Aa^  aj^  a2  . Here  the  weight  w = e2^t*2e2 
= (ei  d-  62)  t*  62  < n 62  < 2n,  i.e.  we  must  have  w r n,  and  hence 
this  is  a 1-link  chain-type  term,  so  that 


(14.12) 


ei-h  62 


®1  +■  ®2 


Since  e^^  n - ~ 

®2  ®1  ' 

expressed  as  A(Sga2)  aj  with 


^ " n -02 


(14.13) 


Note  that  here  again  A*  J Bl,  where  B is  the  coefficient  of  the 
corresponding  circulant-determinant. 

We  can  now  write 


1 
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®2  • • 


(14.14) 


• 3q  3^  ^2  * * 


®1  * • ■ n.  Trii'  Y 

• . = ®o-*-a2+  J.  -*■ 

* ' ^2  "■ 


^032) 


X n-2x 


(Compare  with  Ore's  expansion  of  the  corresponding  determinant). 

Consider  next  the  general  term"  (14. 11)  in  which  one  of  p,  q 
is  prime  to  n,  say  Cp,  n)  —1.  Thed.  an  equivalent  term  (same  coeffi- 
cient) can  be  obtai^ned  in  which  p •"  1 by  use  of  the  multiplier  opera- 
tion (section  1).  The  term  can  then  be  taken  as 

AaS^'a®^. 

0 1 q 

Hence,  by  Muir's  Theorem 

A = coefficient  of  (aQa^  a^^.j^)  in 

4-  . , 

!•••  la  •••aa  ••*3^ 

M-  ^ 3o  ®0  ^0  ®0 


e le  le  I 
0 1 q 


■ -a.Q  ’ • ap.^  ®q-i- 

1 « • • 1 

"n-1  ^-1  «n-l  "n-1 

<=-65—^  e- } 


Call  the  above  permanent  D.  We  require  the  constant  term  in  D. 
Expand  D by  its  first  e^  columns.  Each 


I •••  »i 


.1  ^ e 


0*  » 


• • • 


I 
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and  its  cofactor  can  be  represented  by 


®i4-l 

3i+l 

^i 

®i 

®i 

®i' 

1 

... 

...  ll±S 

• 

• 

e 

• 

e 

• 

• 

e 

^k  + l 

• 

^k  4-1 

• • • 

• 

• 

®k-vq 

• • • 

^k 

^k 

®k 

I ei ^ > I 

where  ij  •••  k is  a selection  of  (e^  -h  e^)  numbers  from  0,  1,  2, 
*•',  n-1.  ; 

Expand  by  its  first  e^^  columns.  A typical  term  is 


where 


®1*  ®q* 


^i'j'“*k',~ 


®i't- 1 ® i ' 1 1 ...  ®k't-  1 


^i  ’ ^ j ' 


®k'  ’ 


factors) 


i 


i iMdjL-  • . . . • 

^i"j"***k"r-  a^„ 


ai-i? 


ajM 

(eq  factors) 


numbers 

and  i’j'  ***  k'  is  a selection  of  ej^/from  ij  ***  k,  and  i"j''  •••  k” 
is  the  remainder  e^  of  elements  from  ij  ’•••  k. 

It  follows  that 

A ' the  number  <?f  prcdvct?  (Ti*j*...k«)(u^>*...k") 

A may  also  be  represented  by  qiieans  of  the  foll^owing  forms  equi- 


valent to  the  above  I 


(1) 
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0 1 2 ••*  n-1 


1 2 
^ T 


(2) 

3 

5 ••• 


1 2 3 •••  0 

q q+1  q+2**‘  q-1 


2 3±}.atl 

0 12  n-1 


In  (2)  we  must  pick  fractions  from  the  top  row,  say  tj^, 

^2»  ***»  ^ej|^»  ®q  fractions  from  the  bottom  row,  say  bj^,  62 , 
b_  such  that 

q 

(^1‘*‘  V )(bi***  bg  ) r 1. 

1 q 

Also  no  t and  b fraction  must  be  in  the  same  column.  The  num- 
ber of  such  choices  is  A. 

In  (1)  we  must  pick  e^  numbers  from  row  1,  e^^  from  row  2,  and 

from  row  q,  (gq  +-  e^  -4-  e^  "3  n),  so  that  there  is  one  and  only  one 

number  chosen  from  each  column.  The  number  of  such  choices  is  A, 

(In  this  connection  se-.j  papers  by  J,  Singer,  Partitions  and  Latin 

Squares,  and  "K  (n)  and  k 

r j s r jS 

A /3 

Illustration!  Find  A in  Aa^aj^a^Cn  = 7). 


0 1 J.  ^ 4 5 6 
J,  2 3 4 5 6 0 
2 - 5 6 _2_  1 2 


.1  2.  J j4  ^ ^ 0 

q 1 2 3 4 5 6 

3 4 5 6 0 1 2 

0 2 3 5 6 


By  advancing  the  shown  choices  cyclically  we  obtain  7 possible 
selections,  so  A r 7.  (The  (2)  method  gives  a unique  choice  in  the 
bottom  row  for  each  choice  in  the  top  row) . 

In  the  Summary  will  be  found  a variety  of  coefficients  eva- 
luated for  certain  three-factor  terms  using  the  methods  just  des- 


cribed 
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15,  Use  of  Differentiation.  Another  method  which  is  sometiraea  useful 
for  evaluating  coefficients  A is  one  based  on  differentiation  of  the 
permanent. 

Consider  first  the  general  circulant-permanent  given  by  (l.l). 
We  can  write 


(15.1) 

We  first  form 


®o  ®1 


= • • • +-  Aa„  a 


'n-1 


"o  “1 


‘n-1 


-h 


then 


c-  rzSA 


cs  j 


d ai^l, 


, etc. 


ai  ; 0 


The  final  differentiation  will  give  the  value  of  A.  It  appears 
best  to  pick  the  a^^  with  a minimum  exponent  e^^  for  the  first  series 
of  differentiations  and  work  up  to  the  exponents  of  larger  values. 

It  would  not  be  necessary  to  carry  out  the  complete  set  of  diff- 
erentiations as  indicated  above  since  the  several  permanents  of  rela- 
tively small  size  which  are  eventually  reached  could  be  evaluated  direct- 
ly. 

The  use  of  a machine  to  carry  out  the  various  steps  outlined  above 
would  naturally  be  desirable. 

It  should  be  recalled  that  ^C^/^aj^  produces  n permanents  of 
order  (n-l)  and  all  of  the  same  value.  (See  Theorem  (2.5.4]  of  Part  I). 

A second  way  using  differentiation  is  based  on  Muir’s  Theorem  of 
the  previous  section. 

If  we  put 


4- 
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*0  •••  a© 


*n-l  ••*an-l 


®n-r**®n-l  ***  3c 


an-2***^n-2 


— n — 


■®n-l 7 


then  to  find  the  coefficient  of  •••  we  form 


, etc. 


A 0 0 

For  example  in  finding  the  coefficient  of  Sga^a^,  (n  = 


have 


^8  \ ^^0^0=  0 


= 4 


^2  ^2  ^4  ^4 

0 0 0 0 30  ag 

32  32  32  33  33  35  35 

ai  a^  3i  ai  a^  34  34 

^3  ^3  ^3  ®4  ®4  ®6 

4-2 

32  32  32  32  83  35  3^ 

34  a^  3^  35  85  a-j  a-j 

33  33  33  33  34  a^  3^ 

®5  ®5  ®6  ^6  ° ® 

84  84  84  84  35  a-j  aj 

^6  ^6  ®7  ®7 

35  35  as  a^  3^  0 0 

3y  3y  3y  0 0 32  32 

a&  a5  35  a^  ay  a^  a^ 

0 0 0 0 3^^  3^ 

^1  ^1  ^2  ^2  ^4 

32  32  32  32  93  33  35 

83  33  33  33  34  34 

84  84  34  84  35 

®6  ®6  ®6  ®7  ®7  ®1 

37  ay  ay  ay  0 0 32 


8),  we 
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using  column-differentiation. 

Here  again  the  use  of  some  machine  method  would  be  a necessity  for 


large  values  of  n. 
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SUMARY 


1.  Outline  of  Procedure.  We  give  here  In  a rather  general 
form  an  outline  of  the  various  steps  to  he  followed  In  evalu- 
ating -coefficients  by  the  raetnod  of  links  and  chains. 

First  step.  Let  T be  the  given  term.  Find  an  equiva- 


lent term  to  T which  has  the  simplest  possible  chain  decompo- 
sition. gy  equival'ent  is  meant  a term  obtainable  from  T by 


the  operation  of  adding  a constant  amount  to  all  of  Its  sub- 
scripts (property  (1)  of  section  1).  Equivalent  terms  will 

of  course  have  the  same  coefficients.  (Note  that  multiply- 
ing all  the  subscripts  of  T by  the  same  constant  m (prime  to 
n)  does  not  change  its  chain  decomposition). 

A simple  Illustration  of  this  step  is  given  by  the  term 


This  is  a 4-llnk  chain  term  as  seen  for  example  by  the  chain 
(10, 13, 10,1^) (10, 11, 10, 14) (10, 10, 10) (10, 10, 10) 

Now  an  equivalent  terra  is 

T-'= 

obtained  by  adding  5 to  the  subscripts  of  T.  But  is  a 
1-chain  term  of  type  ^1834  sj  whose  coefficient  is  imme- 
diately found  by  the  formula  for  this  type.  To  find  this  co- 
efficient using  T would  be  an  Involved  problem. 

Ixtt  general  the  simplest  equivalent  .term  to  T is  a t-linJc 
chain  terra  where  t is  a minimum. . ^ good  plan  is  to  try  the 
terms  with  the  exponent  of  a^,  a maximum. 


7k 


Consider  for  example 

T = a®a  a^a  a^a  a a a®a  , (n=15)» 

013456789  13 

a ratner  difficult  case.  There  are  10  equivalent  terms 
containing  a zero  subscript.  Of  these,  eight  are  5-llnk 
chain  terms  and  two  are  4-llnk  chain  terms,  these  lat- 
ter being 

T'  = 

fjl  II  — 

We  would  choose  T"  to  work  with  since  it  has  a largeor  a 

( 

exponent. 

Second  step.  • Determine  all  the  independent  unordered 
links  possible  in  tne  cnosen  equivalent  term. 

An  Independent  unordered  link  Is  an  unordered 
link  such  that  it  cannot  be  decomposed  into  two  or 
more  unordered  links.  Thus,  for  the  term  T"  above, 

£3  4 4 11.  13  13j  is  such  an  Independent  unordered 

link,  while  [1  3 3 10  14]  is  a dependent  (unordered) 

link  since  it  can  be  split  into  £l  14j  £3  3 lOj  . 

An  independent  unordered  link  is  thus  one  such 
that  every  permutation  of  its  elements  is  a link, 

while  for  the  dependent  type  certain  of  its  permuta- 
tions will  be  links. 

The  term  T"  contains  the  following  such  Indepen- 


dent links^f 


75. 


[ 1 14]  [l  3 18J  Cl  3 4 7^  ti  ^ 7 10  10]  4 4 11  13  13^ 

[ ? 13]  [1  7 llj  11  7 10  la]  [3  ? 4 7 14j  [3  4 7 10  10  13] 

t;4  11]  [1  4 loj  [3  ? 11  14]  [3  7 10  13  14j 

|l3  3 10]  id  4 10  14]  [3  7 10  11  14] 

[4  4 7]  [3  4 18  13]  [4  7 10  10  14] 

C7  11  13]  [3  7 10  11] 

f3,  7' 10  10] 

[4  4 10  13] 

[7  13  13  14  J 

[10  10  11  14I 

(10  11  13  is] 


Third  atep«  Use  these  Independent  links  to  build  up  all 
possible  unordered  chains.  This  gives  what  was  previously 
called  the  chain- type  of  the  term. 

For  T"  a partial  list  of  such  chains  Is 


fs  4 7 10  10  I3J 
[3  7 10  13  I4J 
ClO  11  13  13] 

[3  3 4 7 14j 
Cl  7 10  13] 


[1  14]  [3  13] 

[l  4 10]  C'"^ 

[8  3 10]  [4  4 7] 

[10  11  13  1^ 

[3  3 11  1^  [4  '4 


f4  11]  . 

i*  lO  . 
[1  . 

4 1(3  , 

10  13] 


(No  3-llnk  or  1-llnk  chains  of  this  nature  wteposslble  for 
T"). 

Prom  this'  list  of  Independent  chains  we  then  form  all 
unordered  dependent  chains,  l.e.  chains  whose  links  may  be 


dependent. 
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“*6, 


i 


Thus,  from  the  partial  list  above  we.  have 

t2  7 4 4 7 10  10  11  13  13 j ([I  14  J , 

t3  4 4 7 10  10  11  13j  [1  7 13  14]  , 

[;'l  7 4 11  13  14J  . i:  3 4 7 10  10  13]  , 

^3  7 10  13  14]  [7  4 11  13]  [1  4 lo] 


r 


I 


■r 


I 


as  examples  of  such  dependent  unordered  oiSalns. 

Fourt.h  step.  Divide  all  the  unordered  chains  into 

two  sets,  those  of  an  even  ntimber  of  links  aid  those 
of  an  odd  number  of  links.  Choose  one  set  or  the 

other,  and  then  evaluate  or  Sg  , i.e. 

Aj  + A3  + As  + • • • or  A a"*"  A4  + As  +« . . 

To  find  the  contribution  of  any  particular 
unordered  chain  it  is  necessary  to  know  all  of  its 
link-permutations.  In  the  case  of  an  independent 
link  all  permutations  of  its  elements  are  allowable. 
Thus  in  the  chain 

|]3  4 7 10  10  13]  [1  7 4 11  13  14] 

the  first  link  is  independent  and  gives  rise  to 

5^31  link-permutations  (keeping,  e.g. , the  3 
fixed).  The  second  link  is  dependent.  For  such 
a link  of  short  length  its  link-permutations  can 
be  obtained  by  selecting  them  from  all  possible 

permutations.  Here  we  would  have  5 I such  permu- 
tations to  select  from  (one  element  fixed).  How- 
ever, for  longer  links  this  is  not  practlojill  by 
hand.  The  following  method  appears  convenient  for 
machine  use. 


4 


t 

I 


n. 

Suppose  we  have  the  dependent  link  j^x^Xg . . . Xm"),  to 
find  all  Its  link-permutations.  Form  all  the  length-two  se- 
quences X.X.JC.X  , X Xm  ’(exclude  x x(  if  x,+x^,  = O). 

For  each  of  these  form  all  allowable  length-three  sequences 
x^XjXj,  x^XgX^,  x^Xu^Xjj^j.  A sequence  Xj^XjXj^  is  ex- 

cluded if  Xi  + xj  + xjt  = 0 or  xj  + xjt  = 0.  Continue  in, 

this  way  till  all  allowable  length-m  sequences  are  obtained. 
These  will  be  the  required  link-permutations.  (At  the 
(r-1)  step  a length-r  sequence  x^x^x^...x^  is  excluded  if 

^i+l*  *r  ' ^ i ^ 1). 

For  every  particular  dMered  chain  (of  t-links)  (i.e., 

a chain  each  of  whose  links  is  a definite  link-permutation) 

we  must  find  the  value  of  N„  „ „ (Xt).  (See  (6.8)  ). 

• • * “t— 1 “ 

This  is  used  to  evaluate  A^.  A method  for  this  is  described 
In  section  8. 

After  finding  S (or  S ) we  find  the  coefficient  B of 
1 a 

the  drculant-determinant,  (Ore's  formula)  and  then  evaluate 
A with  its  aid. 

Note  that  the  first  three  steps  outlined  above  are  es- 
sentially the  ones  used  to  obtain  the  value  of  B. 

Various  types  of  simplifications  of  the  above  procedures 
will  no  doubt  be  suggested  oh  further  study, 

3.  List  of  Reneral  formulas. 

The  following  formulas  are  those  derived  in  the  previous 
sections  plus  some  additional  ones. 

1- chain  terms 

Chain- type.; 

mm-  -1 

®il  't'!  ‘ •••  fg  ] 
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Coefficient t 


n (L  - I)  J 

"1.' 


2"  chain  terms 


lain-type 


% ^G2 


” [?i  ^ Pg  > (Pi^Oj,  all  i,j). 

— / ” !)•'  (i'3  - + [(I^l)i  - 21,^'  L,.i] 


“ ”»ila2.'  ...  mg!  , ngg  . 

h “ “1  + ...  + ®g,  Lp  - + ...  + i L >=  Lt  V L3  . 

Chain-Type 

[■“•.]  ['N 

It  vail  be  assuned  hereafter  that  Gj,  are  defined  as  above  with 
Pi^q.  for  all  i,j. 

J 


. — ((yi).'(i.-i).' 

TT„  < r.J  L 1 


' - 2 


h'  ^2.' 


Gi^Gz  ^ -I-  ^1- 


ui*  v^J 


(L,-l).!  (La-I)!  -|  ) 

^-1},'  (vj^-1).'  ^ J 


^1  “ '^l  *^i’  ^ "^l  L h 

Exceptional  oases  (indicated  by  Gj^  = g^  » Q), 

'^l  ” ■’’1  # 0**  ■^P®  [5'^^J  ^ » 

n ' . . ■ 

A - („  . 


r “1  “2  ' ’ ''1  ■22 

[r  3 3 G,J 
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A - 1 ^ P (L-I)  < 

V (u,^+T^).'(U2^2).'  - 

Mj  i *'■»'>)  •'  (‘■«-<V^.)).'  ,(.Ui^,i^),- 

"lx  'v‘i)-'(vis)j<vii)-'(v"s)-' 

1(0,0)-=  -1,  1(1,0)-  I(‘0,1)  = 1, 

“i  ^ ^ J L * +L2 

r “1  ^ 

Exceptional  oasei  chain-type  s J 


2(u^+Ug)’ 


I n®  ^ /2ui+2ua 

u / 2(u^+ua)  [ 2u 


Chain--'^l)e . 


r X-lf 

P*'l  *■=  •••  *■<!  ®lj  : 
, „ . . . \ w- 


*"s  ••• 


(the  goneral  ?-ohain  type) 


(I..^-1)‘  (Lj-l).' 


(ui+Vl).‘  ,...(U^+Vjj).' 


aim  )M(i^,...'yl^) 


=*Z«^+Zm^,  Lg  -Z'v^  +Xn^ 

(L^-(i^+...+i^j).'  (L2-(ij+..,+i^))« 
M(i,>...»i  ) “ 


See  (11.16),  (11,17)  for '.definition  of  I function. 
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Exoeptlonal  oasei 


r «i  “3  "d“ 

" “1  V 

1 rj^  rg  ...r^ 

r^  rs  ...  r^ 

. 1 
A * - 
2 


' (L-1):  " 

2 

3 r 

n + 

i. 

u 

(2L-1).' 


(2Uj^)i...(2u^)J 


where  Ic  is  fixed  but  may  equal  1,2^...^  or  d. 

Speoial  oases  of  general  2-ohain  typo 

r ’ 


[r  ^»%ij  , Ojj 

^ ■ u,,v,l  . 2 h-' 

i 1 Cjj^  G2  L 

^ ‘®lj  [*■  “ “»] 

+ (2uj+Vj)(I^-1).'(L2-1).'  +W^Vj(Lj-2)J(L2-2).» 

+ 1^(u^+1)u^v^(L^-3)J(L,-3).'J 

t'^i  -1  r 2 2 *1 

r 8 GjJ  I r 8 GgJ 

(L^-1).'(L3-1)*' 


2 n 

A = - ^ n + 


"'g/Gs 


(L-l)J 


L,.' 


liu^JuaitiQ^ng^ 

(u^+Ua)(l^-l)J(L8-l)>  li(l^.2).»  (1^-2).' 

(uj-l)j  (ug-l).' 


(uj^+2),'(ug+2)i  2uj^Ju2.' 


Uj.'  Ug.' 


(Ui-U.Uus-l).'  (uj-2  ).i(u2-2).' 


+ 


81 


\ ■ ' 


I s 


r ui  U9  1 r 3 2 -| 

aiE®  [*•  « Oij  r • 

(I^-1).'(I«-1).' 


A 


n*  + 


(L-1)*'  LiJ  I^' 

(u  +3)'(u2+2).«  ‘ g-  • , 


'"-'  (Uj-l).'(u,-l).> 


6u^,'U2,- 

(iiu  +2us-6)  (U,+l2ua-20) 

1 (L,-3).'(L2-3).'  + 1 (Vii).'(La-U).' 

(u,-l),'(u2-l).'  (u^-2).'(u2-1),'  ^ 


+ 2h 


(u^-3),'(u2-2)J 


to 


r ui  uj  , 

r 3 3 "1 

I*-  • j 

[r  8 G,  1 

A 


(1^-1).' (L3-I).'. 

Uj^+U2 


n 


3 + 


(L-1).' 


L^.'LaJ 

ti?l+3).'(u2757T  i8u^'ua' 


^ \ ^ (Li-l).'(L.-l)J  ^ (V2).’(L2-2).'  + 2(ui+U8-2)(Li-3);(l2-3}.' 

*’  (ui-l)i(ua-l),'  (u2^-l),'(xi^-n7 

+ 2 ((u^-l)(uj-2)+(u2-l)(u3-2)+6(uj;-l)(u8-i)] 

. 80  (l,.6mur6)! 

(u^-2).'(ua-2).'  (u^-3).'(Uj,-3)J 


I 


8?V 


r ui  U3  ^ r -I 

r 8 0 J r 8 Gs 

(L,-l)i(La-l)J  n r 

— — — — ■*■  — — 

U^.'Vj.'UzJiTq  TTq  (Uj+Vj).Hu8+] 

X X ^ 


(L-l)i 


. 2 "1**^* 


U,.'V,  ,'U; 


* (vi).'(L,-i)i . _lL_  _T  ~ 

Ui.'ViJug.'  (u  "i).'(v  -i)i 

i*'l  X 1 i 


A - 2n®  - lln 


A = - (9n?  - 73n) 

Ui  U2  U3  -1 


(L  - 1)» 


r U,  U2  U3  -1  (-  . ■ 

rs  *-3  G^  J j^r  ^rj,r3G2  1 

^ " u .'Ug’Ug.’Tt  II  ■"  •*■  (uj^+l)  (lJ^)(u3+l) 

1 * Gj^  G2 

+ 2(Uj^+U5+U3)(I.^-1).’(L2-1).'  + U(u,U2+Uj^U3+U2U3)(L^-2){(L2-2),' 

» ' 

+ 36  Uj^U2U3(Lj^-3).'(L3*3).'^ 

r U3  U3  - p 2 
SlE®  '■2  ^3 


n r i 


i (L^-1).'(L8-1).'  “ + (1^1).' 


I ' , ^ 


(Uj^+2)(u^+1)(u2+1)(u3+1) 


I - L^JL^J  +.  (2u^+U2-!ll3?(L^-l)i(l.2-l)i 


V 2 < 2 u ^u^+2u ^U3+  UgU3  ) ( L^-2 ) ,'  ( Lg-2 ) » 


U^9u^UgU3+u^(u^-l)(u3+U3)j  (L^-3)J  (£5-3),'  ♦ B&  u^visUaCuj^-l) 


■ *1  *4 


f u U3  U3 

Sis.  **3  **3  G 


(1^1).' 


« ^ ” ' n®  + “ - h*h' 

^U^.’Uj.'Ug.'tT^  ITg^  (u^+2).'(u2+2)'Wi).'  2u^.'u^.'U3 .' 

2u^.'Ug.'u^.'  ^ Uj^.'U2,'U3.' 


te. 


II  tl  I 

G> 


+ - 2L  .'I^j 

(u^+2) (u^+1) (ug+2) (uj+l) (U3+2 ) (ug+l)  ^ 

+ U(Uj^+U2+U3)(Lj^-1).'L2-1).’  + 16(u^U3+UjU3+U2U3)(Lj^-2).'(Ls-?)J 
+ Si6^i(u^-1)(u2+H3)+U2(u2-1)(u3+Ui)+U3(u3-1)(u^+U2)^ 

+ 288  Uj^U2UsJ  (Lj”3)i  (Lg-3).' 

+ 8^  88u^UjU3(u^+Ug+U3-3)  +3["u^U2(u^-1)(u2-1)  + u^U3(u^-1)(u3-1) 

+ u^U3(uj-l)(u3-l^y  (L^-U)J  fLg-U).’ 

+ 8(5l6)u^UjU3^  (U^-1)(U2-1)+(U^-1)(U3-1)+(U2-1)(U3-1)J  (L^-5  ) .' (Lg-5 ).' 

+ 8(it,596)  u^U2U3(u^-1)(u2-1)(u3-1){Lj^-6).'(I^-6).»  j 


V, 


8U. 


A 


r Ui  U3  . 

P *■*  **3  % gJ  p^r,r3r^Sa 
n r"/.  •.\t/..\t 


J »- 

■ f(L,-l).«(Ls-l).'n  + 

u^.-u, «U3 , 

1 * V 


(U  ^+1  ) (U^  + 1 ) (Ug+l  ) (u^+1  ) 


- 2L^.»L2J  2(u^+U2+U3+u^)(L^-1).'(I^-1)j 

► ^('ijU2+U^U3+Uj^U|^+U2U3+U3U|^+U3Uj^)(L^-2).»(Lg-2)i 
36(ujU2U3+  u jUgu^+u^u  ,jX|^+U;,U3U|^)  (L^-3).'  (La-3).' 

62k  UjU2U^u^(Lj-i4).i(l^'ii)^ 

r Uj  U3  U3  U.  T ^ 3 

I®-,  pi  **3  ra  ^ rarar^Og  1 

r 

|(L  -l)i(L2-l)«n  + ; ^ 

^ ^ (u^*2)(u^+1)(u3+1)(u3+1)(uj^+1) 

.^.'LgJ  + (2u^+Ug+U3+Uj^)(L^-l).i(Lj-l)i  - ■ 

<2u^u^^2u^U3+2u^u^+u^U34u^u^-hu3U^)(Y2)«(L3.2)' 

Uj(u^-l)  (u2+U3+U^)  + l8(2u^U3U3+2u^U2U|^+2u^U3Uj^+UgU3Uj^)j  (Lj-3).»  (Lg-3) 

+ 62U  U^Uj,U3U^  j (L^-U).' (l^U)  . 

20ii  Uj(Uj-l)  U3U3U^(y5).«  (l^-5).«j 

In  the  following  fprnulae 

ttl  np  Oj^ 


u .‘.,.u  Jtt  tt 
1 U Ga 


da  * t tg  ...t 


^1  /^2 

3 


°5  “ V *2^*’**k^  > ®6  “ » 

and  no  two  G'e  haire  a oommon  e'leneht  • ' ' 

Aleo 

*1  * ®1  *•••■"  \ > 8a  * n^+...+  n^  , - a +...+ 

‘1,  *5  ■V-’’>'k  ' <6 


8?. 


^ {[Vs]  ■ 

+ j^(L-l)>  -2  L^.'LsJ  -2  + Ugi.*g2.‘g3.'6i^.']  • a ] , 


L 1=  g^+  gg,  Lg  --gg  +g^  , + g3  , Mg  r gg+g^  , L - Y Lg 


'^3  ^^3 


A * _L|j^(L^-l).«  (Lg-l).'  + (M^-l)‘(Vl)i  + (N^-l)i(Ng-l).'  j n= 

+ ^(L-l)J  - 2(L^.'LaJ  + M^iMsJ  + N^.%J)  + 2E  J n j 

■ ■ v-.-v{r)f:  T (\  ■■)  I ■ 


\ = 6l  +63  +63  » ^2  ” *6^  » “1  “ 6^+g3+B^  , Mg  - 6^  + > 

Nj  “ gs  + g3  + g^  , Nz  - gj  + , L “ Lj  + Ls 


Tfg  as  above  with  added. 


1 f(L,-l)i(L3-l).«  (M,-1);(M3-1).' 

A = -f  _I 

’^G  (^i'*’ti2).’(t3+b^).'  (bj+b3).'(b2+b|^)i 


1 r(L-l).'  . 2 h-^®' 


2 h'^'  2 V“®'  ■ 

(b^+bg).'(b3+bj^)J  ■ (b^+b3).'(bg+b^).'  ■^(b^+bg-l).'(b3+b^-l)» 


2 (M -!).'( VI).'  , V 

+ V + h Z.,  E (x) 

(bj^+b3rl).'(bg+b|^-l)i  X“0 


® (>)  - Si.'.-v’ 


t+b^-b^+gj^  j ^ / x+gi-l|  / x+b^-b^+g^^-l 


^l+t2'''ga-*)  Pi+b3+g3-x 
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Lj^  •»  bi+b2+gi+g2»  I2  “ - b]^+b3+gi+g3  , 

Mg  * ^ ^ " bj+bg+b3+b^^ 


3-ohain  tenas 


^ [»i]  [h]  [*3] 

* (l,-l)ML,*L-l).'-2(l.^-l);(L-l)ja-l).'(l,^3*I^V^Lp^  « 
“ 61  j L g"”  §2  ^ ^3  ’ 


to.  [f  j >^'^^2]  \ 


A « 


1_  f(Li-l)’(L2-l).'(L3-l)i 


UjJ  Ug.'  U3.' 


i=l 


_gLl.'L2'^3'  i+  2(Li-l)i(l2-l)KL3-l):  1 


(u-Uj^).'  Uj^.'  • Uj^.>Ug.'u3.'  (u,-l).'(ug-l).' (u^-l),' 

f (J.-I)j  V' 


n"' 


\ JlLl  + [(u-Ui)ui  - (L-Li)Li] 


^ ^ \'^2'W  27’ 


u^.'Ug.'u^.'  i 


+ h 


(Lj-1)J(I^-1),'(L3-1), 


(uj^-l).''(ug-l);  (U3-I); 
Here  u = u^^+Ug+u^  , 


V]6i  . u) 

U,U„Un  / 


* j^v*2  >*3 

L.  *=  u.+g. 
i 1 ''x 


Two  Excoptiona?!.  oases  t 


Type 


P]  PJ  f'M 

1 r „3,i  r(yyi).' . (, . , . 

^6  I ^[(ui+U3).'  U3J  2U3.'  ^ 


n* 


0(1  ^ / (L3-^'^3-1).'  (L3-1)> 

I T r-  “^CLo-Uo)/  - ^ (Lo-u,) 

L (2u;^+U3).'  ^ y (u^+U3).'  u ' ^ ^ 
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r 


to. 


3>u^3 


(n-Uj)(n-2uj^) 


“ I (Y1)J(L3-1)1(L3-1)-' 

y\  (L  -l).'(L-L.-l).'  - 2Z(L,  -1)«L,JL.'  + (M--1).'(M2-1)J 

i 1 1 j K 1 

^U(L^+L2+I^)Lj^.'L3JL3.'  +(L-1)J  -2Zi^.'(L  -L^)J 

^ 2^2L-M^Ma+  (g^ga+gaSi^+g^g^)  - gy&zy^»^&(^i  J 


h “ Sl'*’S2^  h “ S3+g|^  > La=  g^+g^*  gj^-'ga+g^^  Ms“  Bs'^S^+g^ 


n‘ 


1 


I 


88. 


U - ohaln  tena 


^ W H M M 

[ ^ ° 

(L -1).’ (1.^-1)’ (VL- 1).'  1); 

(1.)  ■■  (2)  . ■ 

o o 

- 2 7^(L  -1)„'(L  -1)J  L .'L  : - 2 y^(L  -1,).'(L  -i)..'  L JL  ! 

]_  3 ^ U * 1 ® ® U 

(U)  (2) 

+ j^CL^+Lg-l).'  (L3+Lj^-1),'  +(L^+L3-1),«  (L2+I^-r).'+{L^+L^-l  Vi  (L2+L3-I).' 

u 

+ 2]  (V1)M^V3.)J- 


■ 22(v-^* (w-i 

(U)  ^ 

0 

(2)  . 


(M);- 2j,L^K^yi);*22,L^;L,j /( vyi).'-i,3.’yUi.3*Lj_)(^i) 
‘ <U)  ' ' 


(2)  “ (U) 

o 

+ 2(L+1)  X*  (L  ^3).'L.  >L  .' 

(2) 

- 2^(YL2);(L3+i^).'  +(yl3)j(vi^)‘  +(yi^).'(VL3).'^ 

- 2(L+l)(L+2)Lj^.'Lg.«L3.'I^.'  n 

J 0 

* cyclic  sum  obtained  by  advancing 

the  subscripts  on  the  L's  one  unit  at  a tisie  to  include  only  distinct 

terms  so  derived.  Nunber  of  such  distinct  terms  is  indicated  in  parentheses 
0 

under  the  sign. 
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Two-fa 0 tor  and  three-faotor  terma 


n-r  r 


■ (general  2-faotor  term) 


= y where  d “ (n,p),  r^  = rd/n 


Three-faotor  terma 


"J®  . , . 


" (3u) .•(3v)i  [ir  { u){  vjl  uA  J L^V-^“J  “ 

- (^u)  Cv)  °j 

- u+Vi  L * 3(’J+v) 


n ^ 1 |Iiu\ /livy3uW3v\ 

^ " (Uu).'(liv).'  j a,'V  wl  v/L'uA  vJ 

- ^ W ti)  ft)  Cl)  K-4- 


. I hu]  / Uv ' 
l3u/  ( Vi 


i (3Lj-1)  J 


n - (L-l).» 


L u+v  , L = i+Lj^ 


•-  i 


A . . 1 ^L-  „3 

1 5.  (u.'v.' )^  3.'  \ u.'tJ  7 (2u),'(2v)i 


(3Li-l).'  , /(2Li-l)i 

Jv.'  / (3u).'  (3v) j * ^ (2u) J (2v) 


-(yi)«(UL,-l).'  ^ (2L,.l)i(3yi)J  1 ^ ^ 

u.*vj(l4u)j(Uv).'  (2u)j(2v).'(3u).'(3v)j  (5u).*(5v).> 

L - 5l, 


I u V 1 6 

■^£?,  j^r  8 J 

6.'i  ujvj  f{  hi  (2u)«(2v).'  ;iiTi  / 

+[  L 1 / (21^-1  )J  /(Li-l)i)® 


u.'v,'  f J 


3.'  (3u).'(3v).'  \ u,'v,' 


2.'2,'  (2u).'(2v)J 


. 1 I'Cl-  -l)i  I » ^ (Vl);(2I^-l).'(3l^-l)i  ^ J /(2Lj-l).' 

2.'  (Uu)’(Uv)„'\  u.'vj  j U.'vj(2u)j(2v).*(3u)j(3v)j  3.' \(2u),' (2v).y 

^ (I^-1).'($L^-1).'  ^ (2Li-l)j(i|Li-l)j  ^ 1 /(3L^.i)j  \ si 
ujv.'(5u)'(5v).'  (2u)'(2v)i(lfa).'(il^  ^U3^~(3v)j|  “ 


(L-l)J 

(6u)J(6v)J 


,2m-J+l , 


(V1).'1°V(2la-i).-  f..  /(%-!).■  YVjn 


J,  (-1)  --(vDi  Y<2Li-i).'  Y„» 

j-1  1 Oi.'...OjA  f ( (2u).'(2r)jy  4(j»).'(jT)i  j “ 


r °i  °2 

Where  is  taken  over  all  partitions  ll  2 ,,.j  ofm 

1 ^ iH 


that  02+O2+...+Oj“  m-j+1 
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% ®1  ^ 
a a.  a 
0 1 q 


A - JL—  ^ , w - n 

^ 3 V 3 / 

A “ i(u+l)n®  J (u+v+2)(u+v+l)  + (u+l)(u-2v)J 


inhere  w f 2n,  u **  n-q 


V “ n-2q 


where  w « 3n  , e^^  = 3e 


«o  ®1  ®q 

a a,  a 
o 1 q 


This  term  must  be  of  type 


and  w =■  e^n 


I u V *1  m 
[r  a J 


r n-q  -)eq 

[l  .J  > 


and  foraula  for 


can  be  applied. 


a"°  a ak 
O p q 


A = 4^m^) 


K. 

where  d *•  (n,q),  n = n.d,  m = greatest  integer  in  - 

1 IJ.« 


b-i  ► n-i  _ m 


The  only  possible  chain- type  must  be  [p5  ][«J] 


®o  ® h 
a.°  a,  a/ 
0 p q 


There  are  five  possible  chain-types i 

(a)  [p®j  “ , d = (n,q),  n = n^d. 

(b)  [p^q^lLq”!]"  , 

(o)  [pq'’]’  tq“^]  " , 

(qjl'fpVj  [q^ij  " > 

(.)([P»]  [q"l]”'  , ;-p,bjP  pjr| 

ooofficiente  for  these  five  oases  i 


(a)  A « 


?-  L\  / 


+ (.< 


(e)  A “ 


I (t>,-2b-l)  ( 


(d)  ' 

(•)  A - ♦ (■=■ 

3.  Coafficienta  of  ter 


n**3 

a *^a  a a 
0 . p 0 r 

a“-3,”a' 

0 p q 


a a"* 

o p 


n~h 

a a a a a 
o p q r 3 


n-1' 

a a a a 
o p q r 


a a •*  a 
''  F q 


a a*' 

O p q 


0 p 


ae  iniTolving  $1^”^ 
0 

with  r ^ 6, 

l!^ 

Coefficient 

1 

M - 

n 

[P‘] 

n/2 

[PVJ 

2d 

[p'qj 

n 

fp’] 

V3 

[pqrsj 

6n 

(^pq]  Crsj 

n(n-2) 

Cp=>qr] 

3n 

Cp^JQirJ 

|n(n-2) 

[P^J 

n 

3 

Lp  J 

fpdf 

i n(n-3) 

o'*] 

[p»r 

•5  a(n-2) 

9k 


CpqratJ 

Cpq]  p-st] 


Cp^q^ 

rpqj 

rqrl 

qi^  fp*J 


(JpqSrSJ 

er,»]  gs5 


CO  Cp*J 
[p’qj  [q^ 


[P^] 

[P^J  fpq;) 

[p^J 


Term 

a””^a  a a a a. 
0 pgr  8 t 


n-5  2 

a„  afa  a a 
o p q r 8 


nq-5  3 

®p*q*r 


n-5  <,  - 

0 p q 


a*a3 
P q 


a""^a^a 
o 


p q 


5 

p 


(P1.P2P3P^P5P6]  ® Cl23l^56j 


n-6 

^Pl^P2^P3^Pk*Pq''P6 


&lP^CP3Pi^P5P6l  - C3i^56] 

Cl23m561 

Cmr3kit^6} 

1C12?C3U563,  [I3ii3c256l} 
{[123]  Ci+56]  , [lUj  C25]  [36Jj 


Coeffioient 

2iin 

2n« 


12n 

2n(n-l|) 

n2 


lin 

n(n-li) 

nV3 

n(n-U) 


6n 

n(n-U) 

• 


2n 

n®/6 
2"  n(n-U) 


n 

j n(n-3) 


120n 

6n(n+i|) 
i*n(n+12) 
n(n®-  6n+24) 

n(lOn-32) 

n(n*-2n-l6) 


’^□r 


f 


I 

f 

f 


f 


ij 

'I 


J/ 

>\  pl-  \ 


lype 

C 1231*5^  J 
C 123 

C153  C23U5J 
ci23iU  C5»J 
U253  I3h$} 

C23iil 

C12J  [3U]  [p»] 

{C125]  [3U5j,Q3] 
ai5»j  C23U]  , C123  [3^5*]) 
C23iiJ  , C25J 

{ri25]C3U5j  > C123IO  C5»}| 

{ C12]  I'Al  , [13^J  [2h$}} 


Term 

n»6  2 

^ & A A a a 

O Px  P2  »3  PU  P5 


a a a a a 
° Pi  ?2  P3  Pi; 


[l23U^] 

toUJCi;*] 

C12U*]  C3iiJ 

4lU"3C23J 

ri23][U*j 

ClU«JC23UJ 
i Q2U»J  C3UJ  , C123] 
{[li^*J[23j,  (;2i*»]ri3Uj} 


I 123^3 

[12]  [y*: 

[153  [*5»J 
[125]  [5’J 
[l2]  [3>]  ■ 

[laJj 

[123  [2“j 


n-6  U 

a a a a 

« Pi  ?2  P3 


n-6  5 

a a a 
0 Pi  ?2 


n (n-U) 


, V 


96. 


Ln 

. 

n/6 

Li"]"  ' 

T8  ' 

[i«;)3 

n-6 

a a a a®  a® 

a Pi  ?2  P3  Pi* 

/ 

[123»U®J 

30n 

[ 12} 

|'(3n^l2)  , 

[12U»J  [3»J 

^(3n+12> 

[ 123jC3U»J 

/ 

. 2n(n-l) 

£l3»jr2U»J 

n(n+12)  1 

£l2jC3li3*  " ^ 

1 (n-3)(n-li) 

[C12]C3®U®1  , £130C2U0} 

^ (5n-l6) 

Ui3JC23U«J  , £12U  J (3*li1 1- 

n(5n-28) 

{[13K23U»J  , Cll^*J[23®a^ 

2n(2n-ll) 

{1112U®]  C3®J  , £123J£3U®]) 

1 (7n-36) 

/[12J^31^]®  , C13*]C2U®3> 

f (n-5) 

[12«3^J 

2 3 

a a a*  a* 

0 pj  P2  P3 

' 

lOn  ' ' 

C12JC23»J 

; 

n{n-U) 

[l3]  [2«3»] 

, r , , 

|,(3n-j6) 

C2»]  [13»J 

1 (n+li) 

£3*]  [12«3j 

» . V " 

2 (3n-l6) 

[3®]  [12«1 

1 (n+12) 

Cl3»lt2®3]. 

/ ■ 

n(n-ii) 

{[l2j£23®j  , C2®3j  Cl3®Jl 

2n(n-5) 

{i:i3jt2®3®3.  C12®3£3®J> 

“ (iln-60i)  ; 

a*^  a®  a*  . 

0 Pi  ?2  P3 

£i»2^3»3 

•■  — ■•■  • ■ 

l5n  . . 

[1233* 

xx(2n-ll),  : , 

[12»3  ri3»3 

n(n-l) 

[1*3  C233  * 

^ (n-3)(n-li) 

f[l»l  C2»3»3,  (>233  */ 

& (lln-60) 

{[l*3[23j»  ,C12«JC13*3} 

- ^ ’ ,r 
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H f 


n-6  - U 
X a*  a 
0 Pi  ?2 


1“ 


[12»J 

^Cl’JLs'!)  . Cl2'J  ’■} 


I (»-5) 

I n(n-U) 


1-6 


a_  a'^  a 


3 «3 


Pi  P2 


Cl^23j 


10  r, 


[12J  [I2^j 
[12 


{L12  -f 


I (3n-l6) 

I (n-U)(n-5) 
^(n-3)  (3n-l6.)  . 


U.  Some  data  on  I and  J fxinotions  of  general  2-ohain  terms 
(See  seotlon  11). 

Identities  of  the  J-funotions, 

(Jl)  " 0 ' . 

♦ ; 

*^x  ^ ^ 1^  • • • •*  ^k+l  ^ ^k' • • * * ^ 1' • * • ' ^k+1  ^ ^k^  • * • ' 


where  is  any  permutation  of  (ii>..oinj)^  and 

is  the  same  permutation  of  ( ..  .^ 

(jll)  *^x^^l^’*  “ '^x^^l**** '^m*  ll*****ljn^ 

( *^ ) • • « 0>  lj0#,,,0;  3c^0 j . , . ^0^  1; Oj , , . ^0)  “ 1 

The  -bffo  I's  must  be  in  different  positions. 

(j6)  • • • # 0>  1>  0#  • • . > >^5  (x+l)  ^ Pi . . . ^ O)  " 1 

(J7)  0» • • • ^ 0^2 j 0^ , . . , Oj (x+l) > 0> . . . ^ O)  “ X 

(j8)  • ••  Jl^ • • • ^ J **  ••  • • • >Jm^ 

Vfhere  (j^,...,j')  is  any  permutation  of 


.r 

■ ^ 


Some  I function  identities 


1 

t 


9B. 


(12)  l(l^> • • • jip j j iq> • • • } iji^t ) ” l(ij^>»  • • >iqj *•  • >ipi ••  • )^ 

if  pt  and  q^  a,  ^ . 

(13)  l(ii,...,ia;ra,^)  - l(ip..  .,i^rr  ) 

where  (ip...#i^)  is  any  permutation  of  (i2>».«>ij^)  that 


leaves  i_  and  i^  unchanged, 
a A 

(lU) 

( a may  =/^  ). 

* ia^  * ••  »im'*’a^^  ^ 

(I5) 

l(ili...ji^jr  Q ) “ 0 if  eittier  i^  i^  " 

(I6) 

^ l(ij»...  >ij^}**  ^ l(i',...  ,i^jr^  ) 

Uj^  tty7 

where  (i',,..,i^)  is  permutation  of  (i.,,..,i  ) 
1 m X m 


(I7)  ^ l(a,a,...,ajr  ^ ,r^  ) “ ( “ jl(a, . .. ,a;r  j,r2) 

Beoause  of  the  symmetry  properties  listed  above  it  is  not 
necessary  to  confute  all  I's,  The  following  list  is  suCfioient 
for  certain  of  the  simpler  cases  for  m = 3 and  m = U, 


I 

I 

J 


